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A Note to the Reader

This collection consists of 666 problems in real analysis, carefully collected over
the years from a wide range of mathematical sources. The problems have been gathered
from international and national mathematical undergraduate competitions, mathematical
journals and magazines, university entrance exams, problem books, and various other
training materials.

The problems are collected from sources including the International Mathemat-
ics Competition (IMC), William Lowell Putnam Mathematical Competition,
American Mathematical Monthly, Crux Mathematicorum, Romanian Math-
ematical Magazine, Gazeta Matematica, The College Mathematics Journal,
Mathematical Reflections Journal, Romanian District Olympiad, Romanian
National Mathematical Olympiad, Jozsef Wildt International Mathemati-
cal Competition, Vojtech Jarnik International Mathematical Competition,
OLYMPIC Toan Sinh vién toan quoc, Berkeley Mathematics Competition,
ISI/CMI Entrance Exams, Iranian Mathematical Competition as well as various
other undergraduate mathematics competitions and problem collections.

I am deeply grateful to all the authors, problem setters, competition organisers, editors,
members of AOPS, and other mathematical communities whose work made this collection
possible. Their contributions have provided an invaluable source of challenging and
interesting problems for students and enthusiasts of mathematics.

Since several problems have been translated from Romanian and Vietnamese with the
assistance of Claude Al, there may be inaccuracies or ambiguities arising from translation
or interpretation. Every effort has been made to preserve the mathematical meaning of
the original problems; however, errors in translation, notation, or editing may still remain.

If you find any errors, inconsistencies, or omissions, or if you have a correction or a
suggestion for a new problem, please feel free to contact me by email at:

category.theory.for.cats@gmail.com

If you are interested in contributing to this collection by providing solutions to the
problems, you are welcome to contribute through the GitHub repository:

Collection of Real Analysis Problems


https://github.com/ZetaZero-0/Collection-of-Problems

The latest PDF version of this handout is available at:
https://zetazero-0.github.io/notes.html



1. Let fr : R — R (n > 1) be the sequence of functions with general term

HQZL'

felet) = S

a) Prove that the sequence (fy,) converges pointwise on R and determine its pointwise
limit f.
b) Show that ( fn) does not converge uniformly on R.

¢) Show that / f(t)dt = hm / fn(t)dt for every z € R.
0

2. Given a nonempty set A C R, a function f : A — R is called a Baire function
if there exists a sequence of functions f,, : A — R (n > 1), continuous on A, which
converges pointwise to f on A.

a) Prove that if f : R — R is differentiable on R, then its derivative f’ is a Baire
function.

b) Give an example of a Baire function that is not the derivative of any function.

3. Let fy : [a,b] = R (n > 1) be a sequence of functions satisfying:

(i) all functions f,, are differentiable on [a, b];

(ii) the sequence (fn) converges pointwise on [a,b] to a differentiable function f :
[a, 8] =

(111) the sequence (f1) converges pointwise on [a, b] to a continuous function ¢ : [a, b] —

Prove that f/(z) = g(z) for all z € [a, b].

4. Let g : [0,1] — R be a continuous function with g(1) = 0, and let f, : [0,1] = R
(n > 1) be the sequence of functions defined by fp,(z) := 2"g(x) for every n > 1 and
every x € [0, 1]. Prove that the sequence (fy,) converges uniformly on [0, 1].

5. Let A C R be a nonempty set, and let f, : A — R (n > 1) be a sequence of
uniformly continuous functions which converges uniformly to f : A — R. Prove that
f is uniformly continuous.

6. Let f, : R — R (n > 1) be a sequence of functions that converges uniformly
on R to the function f : R — R. Suppose that for each n > 1 there exists ¢, =
limg—y00 fn(z) € R. Prove that the limits limy, o0 £ and limg_yoo f(2) both exist
and are equal.




7. Let f1 : [a,b] — R be a Riemann integrable function, and let fy : [a,0] — R
(n > 1) be the sequence of functions defined recursively by

x
fnt1(z) = / fn(t)dt for every = € [a,b] and every n > 1.
a

Prove that the sequence (fy,) converges uniformly to the zero function on [a, b].

8. Let f, : [0,1] = R (n > 1) be the sequence defined recursively by fi(z) = 0,

Fus1(2) = fala) + 3 (2~ f2(@))  for every z € 0,1].

Prove that the sequence (fy,) converges uniformly on [0, 1] to the function f(x) = /x.

9. Evaluate each of the following limits/integrals.

n—oo

1
(a) Calculate lim / ™" da.
0
0
(b) Determine lim n/ (x +e")"dx.

n—oo -1

1
(¢) Determine lim n/ (cosz —sinx)" du.
0

n—oo
1
2
lim </ e’ /"dx>
n—o0 0

3 2 n
]__
hm/ el —z)2™
0

n—00 14+ g2n

(d) Determine

n

(e) Show that

(f) Let n € N. Evaluate the integral
T sin(nz
/ 1+ 295) Siil(:c) e
—T

00 n
lim / o8 T8 (r2) dx

n—oo J_ o (x—n)2+1

(g) Prove that the limit

exists and determine its value.

1 n n
n—00 0 1+ 2z

(h) Evaluate




10. Let f : R — R be a function. Prove that there exists a sequence of polynomial
functions fy, : R — R (n > 1), uniformly convergent to f, if and only if f is a
polynomial function.

11. Let m € N and let fy, : [0,1] = R (n > 1) be a sequence of polynomial functions
of degree at most m, which converge pointwise to the function f : [0, 1] — R. Prove
that f is a polynomial function of degree at most m, and that the sequence (fy)
converges uniformly to f on [0, 1].

12. Determine the convergence of the series

2n2 +5 x n
R\JI_1
Z<7n2+3n+2> (2x+1) . 2ER\{~

n>1

13. Define the sequence 1 =a € R; zp, 41 = w% + zp + 1. Calculate

lim ($n+1 i 1)2 .
n—=oo (22 +2)(23 +2) -+ (22 + 2)

x—n2. Study the
1+ nx;,

convergence of the sequences (z5,)p>0 and (nxn)p>0, and determine their possible
limits.

14. Consider the sequence (xy),>0 defined by g > 0; xy41 =

15. Consider the sequence (z,) of real numbers, defined by z1 > 0; z1 + x% < 1 and

2
T 1 1
Tp41 = Tn + n—g for every n > 1. Show that the sequences (:v_ - 1) and (zp)
" _

are convergent.

16. Let (an)n>1 be a sequence with strictly positive terms. If

ap < agp + a2n+1, Vn € N,

o0
study the convergence of the series Z Q.

n=1

17. Let f: R — R satisfy

f@) + f(2) = ~z g(2) f'(2),

where g : R — R satisfies g(z) > 0 for all € R. Show that f is bounded.




18. Calculate

1
lim/ Ty E+---+,/£+\/§da;

with n radicals in the nested expression.

19. Consider a sequence (up)y>1 defined by initial terms wug,ug € (0,1) and the
recursive relation

1 92 n
Unt2 = “Uni1+

-1
Vuy forall n € N.
n

Determine the limit of the sequence (uy,) as n — oo.

1
20. Let the sequence (uy) be defined by u; = 5 and

2
(7

n(n—l—l).

V2
b) Prove that (uy,) has a finite limit.

a) Prove that u, + n? >

1
21. a) Calculate/  sin(rz?) dz.
0

1l (k+1)/n
b) Calculate lim —Zk/ sin(nz?) da.
n—oo 1 1 k/n

22. Let f:[0,1] — (0,00) be a continuous function.
a) Prove that for every integer n > 1 there exists a unique partition (ag, ay, ..., ay)
of [0, 1] such that

Ok41 1 /!
/ f(t)dt:—/ f(t)dt forall k€{0,1,...,n—1}.
a nJo

k

a1+...+a

b) For each integer n > 1 define a, = " where (ag,a1,...,ap) is the

n
unique partition from part a). Show that the sequence (a@p),>1 is convergent and
determine its limit.




23. Let f:[0,1] — (0,00) be a continuous function. For each n € N, n > 2, consider
the partition (tg, 1, ...,tp) of [0,1] with the property that
tn

t1 ()
ft)dt = f)ydt=---= f(t)dt.
to t tp—1

Determine lim n(L+L+...+ 1 )
n—oo  \ f(t1) = f(t2) f(tn) )

24. Let f : [a,b] — R be a differentiable function with Riemann integrable derivative.
For each n € N denote

n—1 n
b—a b—a b—a b—a
Ap = — f(a+k - ) By = — Zf(a+k - )

k=0 k=1

Prove that ,
h—

nli_%on(An/a f(x)dl“)— 2a(f(a)—f(b))

and

25. Determine lim n(

n—oo

1
e ——1 z).
n+1+n+2+ +2n &

26. Let f:[0,1] — R be an increasing, twice differentiable function, with continuous
second derivative on [0, 1], and let (Ay), (By) be the sequences defined by

n—1 n

1 k 1 k

I, me s ()
k=0 k=1

The interval [Aj, By is divided into three equal segments. Prove that for n sufficiently

b
large, the number [ := / f(x) dz belongs to the middle segment.
a

27. Let f:]0,1] — R be a differentiable function with continuous derivative, and let

= [k
Sp = f (ﬁ) for every n € N.
k=1

1
Prove that the sequence (s;,41 — Sn)p>1 converges to / f(z)dx.
0

9




28. Let f,g : [a,b] — R be functions with the property that there exist a > 0 and
p > 1 such that

|f(z) = f(2')] < alg(z) — g(&")IP for all z,2” € [a,b].

Prove that if g is Riemann integrable, then f is also Riemann integrable.

29. Let f :]0,1] — R be a Riemann integrable function and let p > 1. Prove that
the limit

n

dn 2 () - Q)

Jj=1

exists, and determine its value.

30. (Riemann’s function) Prove that the function f : [0, 1] — R, defined by

1 if x =0,

flx):=¢1/q ifze€0,1]NQ, z=p/q, p,g €N, ged(p,q) =1,
0 ifzel01]\Q,

is Riemann integrable. (This function is also known in the literature as Thomae’s
function, the popcorn function, or the raindrop function.)

31. Prove that if the function f : [a,b] — R has a finite limit at every point of [a, b],
then it is bounded.

32. Prove that the set of first-kind discontinuity points of a function f : I — R, where
I C R is an interval, is at most countable.

33. Prove that if the function f : [a,b] — R has a finite limit at every point of [a, b],
then it is Riemann integrable.

34. Prove that if f:[0,1] — R is a Riemann integrable function, then the function
g :[0,1] = R, defined by g(z) = f(22), is also Riemann integrable.

35. Let f :[0,1] = R be a Riemann integrable function with the property that

/O 1 f(z)dz

0< < 1. Prove that there exist z1, 29 € [0, 1] such that 1 # x9 and

9
/ f(@)da = (v1 — 29)?0%,

1

10




36. Let f:]0,1] — R be an increasing function and let n > 1 be an integer. Prove
that

/01 fo)ds < (n+1) /le"f@) dz.

Specify all continuous increasing functions f for which equality holds.

37. Calculate

38. Let f: [0, g] — R be a continuous decreasing function. Prove that

/2 /2 1
/ f(a:)d:cﬁ/ f(a:)cos:z:dazg/ f(z)dx.
w/2—1 0 0

For which functions f do both inequalities hold with equality?

39. Let f :[0,1] — R be a differentiable function and let M > 0 be such that
|f/(z)] < M for all € [0,1]. Prove that

1 1 2 2
9 M
/0 f(x)dx — (/0 f(z) dm) < -

40. Let f1,..., fn :[0,1] = (0,00) be continuous functions and let o be a permutation
of {1,...,n}. Prove that

zl;[l/o fo(i)(x) aw 2 21;11/0 fi(z) de.

41. a) Given continuous functions u,v : [0, 1] — R, prove the Cauchy—Bunyakovsky—

Schwarz inequality
1 1
g/ u2(:c)dx/ v?(z) da.
0 0

( /O 1 u(@)v(z) da:)

b) Let C be the set of all differentiable functions f : [0,1] — R, with continuous
derivative f’ on [0, 1] and with f(0) =0, f(1) = 1. Determine

1
min /O V1422 (f (x))? da,

fec

2

as well as all functions f € C for which this minimum is attained.

11




42. Let f:[0,00) — R be a continuous function such that

/O " f@)f(n o) do— /0 " o) do

for every natural number n > 1. Prove that f is periodic.

43. Let f:[0,1] — R be an integrable function such that

/Olf(x)da::/ole(x)dle.

1
Prove that / 2 (x)dz > 4.
0

44. Let M be the set of all continuous functions f : [0, 7] — R, with the property
that

/7r f(z)sinzdr = /Ff(:c) coszdr = 1.
0 0

™
Determine min / 2(z) da.
feM Jo

45. Let p > 1 be a real number and let f : [a,b] — [0,00) be a continuous function.

Prove that
b p b
(/ f(x) dﬂ?) <(b— a)p_l/ f(z)P dx.

46. Let f : [a,b] — R be a Riemann integrable function. Prove that the function
¢ :(0,00) = R, defined by

. b 1/r
olr) = (r / |f<x>7“da:> ,

is increasing.

47. Let p > 1 be a real number. For every continuous function f : [0,1] — R we
denote

1 1
I(f) = /0 | f(@)|do - /O ol f (@) de.

Determine the maximum value that I(f) can take.

12




48. Let f : [0,1] — R and g : [0,1] — (0,00) be continuous functions, with f
increasing. Prove that for every ¢ € [0, 1] the inequality

/Otf(x)g(:v) dx /Olg(:v) dr < /Otg(a:) da?/olf(x)g(x) da

holds.

49. Let f:[0,1] — [0,00) be a monotone function.

(a) If f is decreasing, prove that

/Olf(x)dx/olme(x)dxg/Ol fQ(x)dx/Ola:f(:c)dx.

(b) If f is increasing, prove that

/lef2(:v)da:/01f(x)d:c2/01 fQ(J:)d:v/Ol:vf(x)dx.

50. Let f,g : [a,b] — R be Riemann integrable functions such that m < f(z) < M

b
for every x € [a, b] and / g(x)dz = 0. Prove that

b
M—-—m
<257 [l
a

/a ' F@a(@) do

51. Let f:[0,1] — R be a differentiable function with continuous derivative on [0, 1].
Prove that if f(0) =0 and 0 < f/(z) < 1 for all z € [0, 1], then

(/Olf(:z:) dz)2 > /01f3(x) dz.

Give an example of a function f for which equality holds.

52. a) Let f:]0,1] — R be a differentiable function with continuous derivative on
[0, 1]. Prove that if there exists a € [0, 1] such that f(a) <0, then

1 1
/Of(ﬂdtg/o £/ (t)] dt.

13




b) Let g : [0,1] — R be a differentiable function with continuous derivative on [0, 1].
Prove that for every z € [0, 1] the inequality

1 1
| o= a << [0+
0 0

holds.

53. Let f:[0,1] — R be a differentiable function with continuous derivative on [0, 1].

1
Prove that if / f(z)dx = 0, then for every a € (0,1) the inequality
0

/0 i f(z) dz

1 /
=3 D% /()]

holds.

54. Let f : [-1,1] — R be a differentiable function, with the property that there
a
exists @ € (0,1) such that f(z) dz = 0. Denoting M := sup,¢[_1 1] |f'(z)], prove
—a
that:

) /_ 11 f(z)dz

1
b) / £(@)] dz > 2]£(0)] — M.

-1

< M(1—a).

55. Let f :]0,1] — R be a differentiable function such that f(0) = f(1) = 0 and
|f'(z)] <1 for all z € [0,1]. Prove that

56. Let f : [a,b] — R be a continuous function on [a, b], twice differentiable with
bounded second derivative on (a,b), such that f(a) = f(b) = 0. Prove that

(b—a)’

TR where M := sup{|f”(z)| : z € (a,b)}.

b
/ F(@)] dz < M

57. Let f:[—1,1] — R be a three-times differentiable function with continuous third
derivative on [—1, 1], such that f(—1) = f(0) = f(1) = 0. Prove that

1 1
/ f@)lde <L max [7"()].

1 12 ge[-1,1]

14




58. (A. Beurling’s inequality) Let f : [a,b] — R be twice differentiable with continuous
second derivative on [a, b]. Prove that if f(a) = f(b) = 0, then
b 4
[ i@l 2 ma (7))
a b—a

59. Let f:[0,1] — R be a differentiable function with continuous derivative on [0, 1].
1
Prove that if f(0) = f(1) = ~5 then

1 1
/$2l' xT)axr 1
[ w@ras: [ e

60. Let f:[0,1] — R be a differentiable function with continuous derivative on [0, 1].
1
Determine f, knowing that f(1) = —5 and

/O () dr < 2 /0 @)

61. Let f:[0,1] — R be a differentiable function with continuous derivative on [0, 1].
1
Prove that if f (5) = 0, then

1 1 2
/:L”2$ a5 a5 .
/0<f<>> d zlz(/o f(>d>

62. Let f: [a,b] — R be a differentiable function with continuous derivative on |[a, b].
Prove that if f(a) = 0, then

/abf(x)2dx < (b—a)? /ab f(x)? dz.

63. Let f:[—1,1] — R be a twice differentiable function with continuous second
derivative on [—1,1]. Prove that if f(0) = 0, then

1 1 2
"z x x x)dx .
[Lrorazio(f o)

64. Let n > 0 be an integer and let f : [-1,1] — R be 2n + 2 times differentiable
with continuous derivative of order 2n + 2 on [—1,1]. Prove that if f(0) = f”(0) =

15




coo = f@(0) = 0, then

1 9 1 2
/_1 <f(2 +2)(x)) dz > (2n + 2)%(4n + 5)2 (/_lf(g:) dm) .

65. Prove that if f : [0,1] — R is a convex function, then for every n € N the
inequality

n+1

! 1 1 2
/0 f@yde < ——= (FO) + £ () +£ () +-+ )

holds.

66. Let f:[—1,1] — R be a continuous function, twice differentiable on (—1,1), with
the property that

2f (x) +xf"(x) > 1 forall z € (—1,1).

1

1

Prove that / zf(z)dx > =
1

67. Show that (cost)P < cos(pt), for every t € [O, g] and p € (0,1).

68. Let f : [0,1] — R be a function of class C'!, with f(0) = 0. Show that

1
sup |f(@)] < /O (@) da.

z€[0,1]

69. Let f:[1,+00) — R with f(1) =1 and

1

0= e

Show that lim f(z) exists and is smaller than 1 + T
T—00 4

70. Let f and g : [0,1] — (0, +00) be two continuous functions satisfying the relation

sup f(z) = sup g(z).
z€[0,1] z€(0,1]

Show that there exists ¢ € [0, 1] with [f(¢)]? + 3£(t) = [g(t)]> + 3g(¢).

16




71. Let y(h) = 1 — 2sin?(27h) and f(y) = . Show that
1+vI—y \/1 =

fly(h)) =2 —4vV2r |h| + 0(h2),

O(h?)
h2

where lim sup < 00.

h—0

72. Let f : [0,1] — R™ be a continuous function. Suppose there exist positive
constants m and M such that (f(z) —m)(f(x) — M) <0 for all z € [0, 1]. Prove that

M+m)
/f dx/ —d:c< .

73. Let f be a non-negative Riemann integrable function on the interval [0, 1] satisfying

/ f(z)dx = 1. Prove the inequality
0

2

/o1 (x_/oluf(“)d“> fla)de < 7.

74. Let f:[1,2] = R be a differentiable function such that its derivative satisfies
|f(z)] <1 for all z € [1,2]. Prove the inequality

)+f( >| 1@ - f@P

d_
v = 4

75. Let f: R — R be a function satisfying the Lipschitz condition |f(z) — f(y)| <
M|z —y| for all x,y € R, where M > 0 is a constant. Prove that for any real numbers
a<b:

1 b a+b b—a
m/ f(x>dx_f( 2 )<M 4

|_/f GRS (O] PPYL

- 3
76. Let f : R — R be a continuously differentiable function. Show that

1
'f(l) _ /0 A

1
< 5 ma £l

17




77. Find the smallest constant C' such that for every real polynomial P(x) of degree
3 that has a root in the interval [0, 1],

1
‘Aymmwxsc£ﬁiwww

78. Let f :[0,1] — [0,00) be a non-identically-zero, differentiable function with
continuous derivative.

1
T
a) Prove that the sequence a, = {L<+)1 dx (n € N*) is convergent.
0 X
a
b) If @ = limy, 00 Gy, determine lim —.
n—o0o a

79. Let f:[0,1] — [0, 1] be an increasing function and let

Pt (o)

Prove that the sequence (ay),>1 is convergent and determine its limit.

1
80. a) Given an integer n > 0, calculate / (1 —t)"e dt.

0
b) Let k > 0 be an integer and let (z5),,>; be the sequence with general term

(i L1 1
o k (e_ _ﬂ_ﬁ_”'_ﬁ)'
=k

Prove that (zy);,> is convergent and determine its limit.

81. Let f:[0,1] — R be a continuous function and let (ay,), (by) be sequences of real
numbers with the property that

1
lim / |f(z) — anx — by| dx = 0.
n—oo 0

Prove that:

a) The sequences (ay) and (by,) are convergent.

b) There exist a,b € R such that f(z) = ax + b for all x € R.

82. Let f:[0,1] — R be a continuous function with the property that

AU@M@M:AU@M%Z@M

18




for every continuous, non-differentiable function g : [0,1] — R. Prove that f is
constant.

83. a) Prove that In(1 + z) < z for all z > 0.

1 n
1
b) If a > 0, prove that lim n/ < dlena+ )
0

n—00 a—+z" a

84. Let f : [0,1] — R be the function f(z) = (22 + 1)e®. Calculate

i [ () 1) e

85. For each n € N* consider the function f;, : [0,n] — R, defined by f,(z) =
arctan([x]), where [z] denotes the integer part of x. Show that f, is Riemann

integrable and determine
1 n
lim —/ fn(x)dx.
n—oo M 0

86. For each a € (0,1] denote

(e}
In(a)z/ n(l+z+a2”+- 42" )de, n>2
0

Calculate:
a) lim Ip(a) for a € (0,1);

n—od
b) lim I (1).

n—oo

87. Let a > 0 and let a,b € R be such that a < b. Determine

b
lim / T\L/(x —a)"+ (b—z)" + a((x —a)(b— x))n/2 dr.

n—oo

88. Let {en}2 | be a sequence of positive real numbers such that lim, o0 €, = 0.

Evaluate the limit
1 — k
lim — In( — )
i S ve)

19




89. Let «, 8 be reals such that 28 > « and suppose that they are not simultaneously
negative. Let
=0
F(a,8) = lim no‘/ =+ dg.
0

n—oo

Prove that F(a, () exists and is finite. Hence find the value of F'(a, f3).

90. Let ¢ : R — R be such that

/:+y¢(t) dt = /;y@z)(t) dt

Find all possible ¥ (x).

91. (Wirtinger’s inequalities)
a) Let f:[0,1] — R be a differentiable function with continuous derivative on [0, 1],

with the property that / f(z)dx = 0. Prove that

/f d:v</f

b) Let f:[0,1] — R be differentiable and satisfy f(0) = 0. Prove that

AUWdZSAﬂM

c) Let f:]0,1] — R be differentiable and satisfy f(0) = f(1) = 0. Prove that

1 1 2
! i 2 a5 X a5
A[f(ﬂd 2U<A;ﬂ)d)

d) Let f:]0,1] — R be differentiable and satisfy f(0) = f(1) = 0. Prove that

1 1
Avwdz Amnd

e) Let f:[0,1] — R be twice continuously differentiable and satisfy f(0) = f/(0) = 0.

Prove that ' ' )
I X 2 ap s a5
A[f(ﬂ(iZQO(A.ﬂ)d)

f) Let f:]0,1] — R be twice continuously differentiable and satisfy f(0) = f(1) =0,
f(0) = f'(1) = 0. Prove that

1 1
" a5 2 a5 X a5
Aw<ndzﬂm<4fmd)

2
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g) Let f:]0,1] — R be twice continuously differentiable and satisfy f(0) = f/(0) = 0.

Prove that , )
" x 2 xr 4—5 rJ\r X
[rraz 2 ([ o)

h) Let f:[0,1] — R be differentiable and satisfy f(0) = f(1) = 0. Find the smallest
constant C' such that

2

1
e )| €@ bA 2 dr

z€[0,1]

i) Let f :[0,1] — R be differentiable with f(0) = f(1) = 0. Find the best constant C'
such that

1
U@FSQAUWWM, Ve € 0,1,

j) Let f:[0,1] — R be twice continuously differentiable and satisfy f(0) = f(1) = 0.
Find the best constant C' such that

1
[ 17 @las > ¢ s 15600

k) Let f:[0,1] — R be twice continuously differentiable, f(0) = 0, f’(0) = 0. Find
the best constant C' such that

1
fOVSCALWwFM-

) Let M = {f | f € C2[0,1], f(0) = f(1) =0, f'(0) = 1}. Determine
1
. " 2
A (f" () da

and the functions for which the minimum is achieved.
m) Let F be the set of continuously differentiable functions f : [0, 1] — R such that

1
/ f(z)dx =0, f #0. Find the largest constant K such that
0

1 1 2
/Jf 2 T .132 €T 95
lAu<ﬂde(A fUd>,

and determine the case of equality.

92. Let M > 0 be a real number and let f : [a,b] — R be a twice differentiable function
with continuous second derivative on [a, b], with the property that |f”(z)| < M for all
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x € [a,b]. Prove that

b a —a)?
= f(x)da:—f( ;rb)SM(bM) |

93. Let a € [0,1]. Determine all closed intervals I C [0, 1] with the property that for
every differentiable convex function f : [0, 1] — R the inequality

1
/0 max{f(a), (@)} do > max f(z)

zel

holds.

94. Let fy:[0,1] — R be a continuous function, and let f,, 1 be the antiderivative

of fr, on [0, 1] that vanishes at the origin, for n € N. If figg0(1) =
there exists z( € [0, 1] such that fo(zg) = zg.

Tos3l’ prove that

95. Let f : [a,b] — R be an integrable function. Prove that:

) for each o € (0, 1) there exists at least one ¢ € (a,b) such that « / f(x =

/f

b
2) if f is continuous on (a, b) and / f(z)dx # 0, then for every n € N* there exist

n distinct points x1, 9, ..., T, in tlge interval (a,b) such that
b
B n(b—a)
I v e
flz1) ~ flz2) flan)

96. Prove that

+0

>~ 1 L e?—1
n=1m=1 0

97. (Generalization of the preceding problem) Prove that for every m € N the equality

o 0 o0 1
Z...Z Zno(n0+n1)...(n0+nl++nm)
n1=1ng=1

nmzl
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1 j—1 '
_ (_1ym—1 e’ —1 (_1)l
=(=1) /0 " de+Z T2

+0 i—0

holds.

98. Determine the continuous decreasing functions f : [0, 1] — [0, 00) that simultane-
ously satisfy the conditions

/Olfwxgl - /f Mg(/m) )2.

X
99. Define g9 =1 and g, 1(z) =1 +/ gn(t — t2) dt for z € [0, 1].
N
a) Show that 0 < gp(x) — gn—1(z) < —-
n!
b) Deduce the pointwise convergence of (gp,).
c) Prove that the convergence is uniform on [0, 1].

b
100. Let f € Cla, b] be such that / 2" f(z) dz = 0 for every n € N. Show that f is
a

identically zero.

| 101. Let f € Cl[a,b] with f’(a) # 0. For any z € (a,b], let 6(z) € [a, z] be such that
| i =@ - a6

@) —
Calculate lim bz) —a e
T—a T —a

102. Let f:[0,1] — R be a continuous function such that

/Olf(x)dxz/ole(x)dx:...:/len—1f(x)d$:0 - /lenf(x)dx:L

Show that there exists a € [0,1] such that |f(a)] > 22n+D).

103. Let f: R — R be an additive function (i.e., f(z +y) = f(z) + f(y) for all
x,y € R) that is integrable on every compact interval of R. Show that there exists
a € R such that f(z) = ax for all z € R.
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104. Let f :[0,1] — R be a continuous function. Show that

/Ollclf(t)dtdx:/ole(x)dx

105. Let f1, fa, f3, f4 € R[z]. Show that

/f1 ) fal(t dt/fs ) fa(t dt—/fl ) fa(t dt/f2 ) f3(t)

is a polynomial divisible by (z — 1)

106. Let f : [0,7] — R be a continuous function such that

/7T f(z)cosxdr = /W f(z)sinx dx = 0.
0 0

Show that the equation f(z) = 0 has at least two roots in (0, 7).

107. Let f:[—1,1] — R be a twice differentiable function such that |f(x)| < 1 and
|f"(z)] <1 for all z € [~1,1]. Show that |f/(z)| < 2 for all z € [-1,1].

108. Determine the maximum of the expression

/01 2 f(z) dz — /01 o(f(z))? dx

for f € C[0,1].

109. Let I C R be an open interval with 0 € I and f: I — R a continuous function
with f(0) = 0, right-differentiable at 0.

n
. k o 1 /
a) Show that nlgréO;f <ﬁ> = §fd(0)'

n
: , / k
b) Special case: calculate nlgrolo kg_l ( 1+ 3 1) .

110. Let f : (0,00) — R be a differentiable function. Assume there exists lgn (f(z)+
Tr—00
f'(z)) =1 € R. Show that

lim f(x)=10 and lim f'(z) = 0.

T—00 T—00
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111. Let f: R — R be a twice continuously differentiable function. If f(x +y)f(x —
y) < f2(z) for all z,y € R, show that f(z)f"(z) < (f/(z))? for all z € R.

112. Let I C R be an interval and f : I — R an arbitrary function. Show that f has
at most a countable set of strict extrema.

113. Suppose the differentiable functions a, b, f, g : R — R satisfy f(z) > 0, f'(x) > 0,
g(z) >0, ¢'(x) > 0 for all z € R. Let lim a(z) = A > 0, lgn b(z) = B > 0,
T—00

T—00
lim f(z) = lim g(z) = oo, and assume
—00 T—00

lim (M I a(:zc)M — (x)) = (.

z—o0 \ ¢'(x) g(x)
flz) B
Show that 11 7(2) =

114. Let k > 1 be a real number. Calculate the limits:

) L= hm/ Vikz + k — 1dz;

n—oo

b) lim n(L—/ vkx—l—k—ld;v).
0

n—oo

115. Let f: [0,1] — R be the function f(z) = (22 + 1)e®. Calculate

o [ (1(2))'a

116. Assume f(z) > 0 and/ f )dr < oo. Define F(z / f(t)dt. Prove

that
/OOO (@) dx §4/Ooof2(x)dx

117. Let f : R — R be continuously differentiable, satisfying f(0) =0, f(1) =1, and
f'(z) > 0. Define
/ (x)]2 dz.

/ 2
[ ViR <

Prove that

1
T
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118. (Gronwall’s inequality) Let u(t) be a nonnegative continuous function on [a, b].
Assume there exist constants C' > 0, K > 0 such that

u(t) < C+ K/t u(s) ds, Vt € [a, b].

Prove that u(t) < Cef(t=a).

119. Let f: [a,b] — R be continuous. Prove that there exists ¢ € (a,b) such that

f(e) (/be(x) dz — /acf(x) da:) ~0.

120. Let f:[0,1] — R be continuous and positive. Prove that there exists ¢ € (0,1)
such that

/0 F@) de = (1 — I F(e).

121. Let f : [0,1] — R be continuous. Prove that for every positive integer n, there
exists ¢ € (0,1) such that

122. Let f: [0, 5] — R be continuous and satisfy

7T/2 7'(/2
/ f(z)sinx dx = / f(z)cosz dx.
0 0

Prove that there exists ¢ € (0, %) such that

fle)= (/0 f(z) da:) (sinc+ cosc).

123. Let f :[0,1] — R be differentiable and k£ # 0. Assume f(0) = 0 and

1
f(l):k/ eF1=2) £ (2) da.
0

Prove that there exists ¢ € (0, 1) such that f'(c) = kf(c).
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b
124. Let f : [a,b] — R be continuous and assume / f(z) dz # 0. Prove that there
a

exists ¢ € (a,b) such that

f(e)

1 _ 1 _ 1 _ 1
facf(a:)dx fcbf(x)dx c—a b—c

125. Let f : [0,1] — R be continuous. Prove that there exists ¢ € (0,1) such that

22 f(c) </ch(x)d:n—/clf(m)dx) :/ch / f(z

126. Let f : [0,1] — R be continuously differentiable, f(0) = 0, f(1) = 1, and
f'(z) + f(z) > 0. Find the minimum value of

- 1
1:/0 OESChE

127. Under the same hypotheses as the preceding problem, find the minimum value of

1 1
= |, TE e

128. Let f be continuous on [0, 1] and satisfy 1 < f(z) < 3. Prove that

4
/fdx/f =3

129. (Polya—Szeg6 inequality) Let f, g be positive integrable functions on [0, 1] and
assume

f(z)
O<m<g(m)<M

/01f2<x>dx/olgz<x>d < (mt Mp (/ fa )

Prove that

130. Let f be continuous on [0, 1] and satisfy 1 < f(z) < 3. Find the maximum value

of
/f dx+/—dx/f dx/—dx
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131. Let f:[0,1] — R be continuously differentiable and satisfy 1 < f(z) < 3. Prove

that
/O f<x)dx/0 f(ff) d$<m1n{3, 1+7T2/0 (f(x) U5 0

132. Let f,g : R — R be nonconstant, differentiable functions satisfying

f@+y)=f@)fly) —g(x)g(y),  g(z+y) =f(@)gy)+9(z)f(v),
for all z,y € R, and f’(0) = 0. Prove that (f(z))?+ (g(z))? =1 for all = € R.

133. Let f be a real function on the real line with a continuous third derivative.
Prove that there exists a point a € R such that

f(a)- f'(a)- f(a) - f"(a) 2 0.

1
134. Suppose that f : [0,1] — R has a continuous derivative and that / f(z)dz = 0.
0
Prove that for every a € (0, 1),

(07

0

135. Let f : [0,1] — R be a continuous function satisfying = f(y) + yf(x) < 1 for
every z,y € [0, 1].
1

a) Show that / fz)dx < %

0
b) Find such a function for which equality occurs.

136. Let f : R — R be a continuous function. A point x is called a shadow point
if there exists a point y € R with y > x such that f(y) > f(x). Let a < b be real
numbers and suppose that all the points of the open interval I = (a,b) are shadow
points, while ¢ and b are not shadow points. Prove that:

a) f(z) < f(b) for all a <z < b;
| D) fla) = f(0).

1
137. Let (an) C [5, 1]. Define the sequence xy = 0, and

ap4+1 + Tp

T = .
e 1+ apt12n

Is this sequence convergent? If yes, find its limit.
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138. Let f : R — R be a function such that |f(z) — f(y)| < |z — y| for all
x,y € R. Prove that if for any real x the sequence z, f(x), f(f(z)),... is an arithmetic
progression, then there is a € R such that f(z) = 2 + a for all z € R.

139. Let f:[—1,1] — R be a continuous function having finite derivative at 0, and
let

h
I(h):/_hf(:v)dx, h € [0,1].

Prove that:
a) There exists M > 0 such that [I(h) — 2f(0)h| < Mh? for any h € [0, 1].

n
1
b) The sequence (an),>1 defined by ay = Z VEk ‘I (E) is convergent if and only if

£(0) = 0.

140. Let f: R — R be a function, two times derivable on R, for which there exists
¢ € R such that
f(b) — f(a)
b—a
for all @ # b € R. Prove that f”(c) = 0.

= f'(c)

141. a) Consider a differentiable and convex function f : [0, 00) — [0, 00). Show that
if f(x) < for every x > 0, then f/(z) < 1 for every x > 0.

b) Determine differentiable and convex functions f : [0,00) — [0, 00) which have the
property that f(0) = 0 and f/(z)f(f(x)) = z for every z > 0.

142. Let f: R — [0, 00) be a twice differentiable function whose second derivative is
continuous, such that

lim [f(a:) + fl(z) + f”(x)] = C.

T—00

Prove that lim f(z) = C.

T—00

143. Let f be a real function with a continuous third derivative such that f(z), f'(z),
f"(x), and f"'(x) are positive for all . Suppose that f"/(z) < f(x) for all x. Show
that f/(z) < 2f(x) for all x.

144. Suppose that f is a function on the interval [1, 3] such that —1 < f(z) <1 for
3 3
all z and / f(z)dz = 0. How large can / fle) dx be?
1 1 ¥
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145. a) Prove that there exists a differentiable function f : (0,00) — (0, 00) such that

f(f'(z)) = for all z > 0.

b) Prove that there is no differentiable function f : R — R such that f(f'(z)) = z for
all z € R.

146. Let a > 0 and let F = {f : [0,1] = R | f is concave and f(0) = 1}. Determine

1 2 1
min z)dx | — (a 220 f(x)d S .
kf{(é.ﬂ>d) @ | f(ﬁi}

147. Let f: R — R be a function such that there exists M > 0 satisfying

Prove that f(x +y) = f(x) + f(y) for all x,y € R.

148. Let f : (0,1) — R be a function satisfying hm+ f(z) = 0. If there exists

z—0
A € (0,1) such that 1im+ flw) = fO)] = 0, prove that
x—0 Z
lim M = 0.
r—0tT T

149. Determine twice differentiable functions f : R — R which verify the relation

(f'@)?+ f"(z) <0, VzeR

150. For an arbitrary number zg € (0, 7), define recursively the sequence (zy),>0 by
Tpa1 = sin(xy,). Compute
lim +/n .

n—oo

151. Let a be a real number, and f : R — R a non-decreasing function. Prove that
[ is continuous at a if and only if there exists a sequence (ap),>1 of positive real

numbers such that
a-+tan a—an a
/‘ ﬂwm+/ i) = 22
a a n

for all natural numbers n.
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152. Let f : R — R be a surjective function that has the property that if the sequence
(f(zn))n>1 is convergent, then the sequence (xy,),>1 is convergent. Prove that f is
continuous.

153. Let f : [0,00) — (0,00) be a continuous function.
a) Show that there exists a natural number ng and a sequence of positive real numbers

(Tn)n>n, satisfying
Tn
n/ ft)dt =1, Vn > ng.
0

b) Prove that the sequence (nxp)p>n, is convergent and find its limit.

154. Let f : [a,b] — R be a function with the Intermediate Value Property such that
f(a) = f(b) < 0. Show that there exist a, # such that a < a < 8 < b and

fla) + f(B) = fla) * F(B).

155. Let f:[0,1] — (0,1) be a surjective function.

a) Prove that f has at least one point of discontinuity.

b) Given that f admits a limit at any point of the interval [0, 1], show that it has at
least two points of discontinuity.

156. Let f : [0,00) — (0,00) be an increasing function and g : [0,00) — R a twice
differentiable function such that ¢” is continuous and

g"(x) + f(x)g(z) =0, Vx>0

a) Provide an example of such functions, with g # 0.
b) Prove that ¢ is bounded.

157. Let f : [0,00) — R be a continuous function, constant on Zsq. For any
0 < a < b < c<dwhich satisfy f(a) = f(c) and f(b) = f(d), we also have

() =1 (7).

Prove that f is a constant function.

158. Let f,, be a sequence of real-valued C'! functions on [0, 1] such that for all n € N
the following hold:

! L 5 1 x)dr =
@l <= O<a<D), /Ofn()d _a

Prove that f, has a convergent subsequence that converges uniformly on [0, 1].
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159. Let xg denote the characteristic function of the rationals in [0, 1]. Does there
exist a sequence of continuous functions f, : [0,1] — R such that f;,, converges to XQ
pointwise?

160. Let f:[0,1] — R be a continuous function such that

/Olf(t) dt = /Oltf(t) dt.

Prove that there exists ¢ € (0,1) such that

/0 F(t)dt = £ (o)

1 1
161. Let f:[0,1] — R be a continuous function such that / f(t)dt = / tf(t)dt.
0 0
Prove that there exists ¢ € (0,1) such that

1
cf(c) = 2/ f(t)dt.

162. Let f: R — R be a differentiable function such that

f'(z) = f(2) f(~x).

Find an explicit formula for f.

1
163. Let f :[0,1] — R be a continuous function such that / f(t)dt =1 and
0

/1(1 — f(z)e @) dz < 0.
0

Prove that f(z) =1 for all z € [0, 1].

164. Let f : [a,b] — [0,+00) be a continuous and not everywhere 0 function. Prove

that )
/ fn+1(t) dt
lim =2 = sup f(x).

n——+00 b
v / o x€la,b]
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165. Examine if there exists a continuous function f : [1,4+00) — R such that
0

o0
f(z) >0 for all x € [1,400) and / f(t) dt converges whereas / F2(t) dt diverges.
1 1

166. Let 0 < 1 <1 and 41 = xn(l —xy) for n =1,2,3,.... Show that

lim nx, = 1.
n—oo

167. a) Let (zn)n>1 be a sequence such that 21 € (0,1) and 25,41 = 5 (1 — 22) for
n > 1. Evaluate
lim v/nxp,.

n—oo

b) Let (x),>1 be a sequence such that 1 = x > 1 and zj,41 = @ + V2, — 1 for

n > 1. Evaluate

. 4z, — n2
lim —.
n—oo N log n

168. Evaluate the following limits:

. (u)

n—oo @

” k
b> nlggo (k:-l—n)

1999/n_ 1

169. Define the sequence z1, z9, . .. inductively by z1 = /5 and Ty = x% — 2 for

each n > 1. Compute
lim ———.
n—oo Tn+1

170. Suppose that ap = 1 and that a,4+1 = ap +e % for n =0,1,2,.... Does the
sequence (an — logn),>1 have a finite limit?

171. Let k be an integer greater than 1. Suppose that ag > 0, and define the sequence
(an)nZO by .
p+1 = an + —— n > 0.

k/an !

Evaluate
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172. a) Does there exist a sequence (ap),>1 of positive reals such that the series
0

n
1
g — converges, and H ap <n" for all n > 17
an,
n=1 k=1
= 1
b) Does there exist a sequence (an),>1 of positive reals such that g — <2008, and

a
b1

n
Zak < n2 for all n > 17
k=1

173. Let (an)p>1 be a decreasing sequence of positive reals. Let s, = a1 +ag+---+ap

and 1 1
bn = — T n Z 1
Up+1  0n

Prove that if (sy),>1 is convergent, then (by),>1 is unbounded.

174. Let (xy),>2 be a sequence of real numbers such that x9 > 0 and

Tpi1 = —14+ V1+nzy, n > 2.

Show that:
a) lim x, = 0;
n—oo

. x .
b) lim il — 1 and lim nay, = 0.
n—oo  Tp n—00

175. Let (an)p>1 be a sequence of positive reals. Show that

1
lim supn (M — 1) > 1,

n—00 Qn,
and n
. al +a
lim sup 17t > e.
n—00 Qn,
n n
176. Let (an)n>1 be a sequence such that z,, = Z a% converges, while y,, = Z ay, is
k=1 k=1

unbounded. Show that the sequence (bn)p>1, bn = {yn}, diverges, where {x} denotes
the fractional part of the real number z.
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o0
1
177. Show that if the series E — is convergent, where py,pa,...,pn are positive
Pn
n=1

real numbers, then the series

ce 2
n
*Pn
2ottt
is also convergent.
178. (Carleman’s inequality) Let ay,ao,...,a, be a sequence of nonnegative real
numbers. Prove that
o0 (0.¢]
Z Yajas - -ap < eZan.
n=1 n=1
179. (Hardy’s inequality) Let aj, a9, . .., an be a sequence of nonnegative real numbers
and p > 1. Prove that
= ail +ag + + ap\P D P
1taz+---+ap D
Y (et (C2)S

180. Let f : [0,00) — R be a function satisfying f(x)ef(z) = x for x > 0. Prove that:
a) f is monotone;
b) lim f(z) = oo;

f(z)

c) — tends to 1 as © — oo.
log x

181. Let f: (0,00) — R be a function satisfying

and

Prove that b = ka.

182. Let f: (a,b) — R be a function such that lim f(x) exists for any xg € [a, b].
T—x()

Prove that f is bounded if and only if for all z( € [a, b], 1i>m f(z) is finite.
T—x(
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183. Prove that there is no continuous function f : R — R such that f(z) € Q =
flz+1) e R\ Q.

184. Let f: R — R be a continuous function such that

f@ <7 (v ),

for every real x and positive integer n. Show that f is nondecreasing.

’ 185. Find all functions f : (0,00) — (0, 00) subject to the conditions:
(i) f(f(f(2))) + 2z = f(3z) for all z > 0;
(i) lim (F(z) — 2) = 0.

186. Let f(x) be a continuous function such that (222 —1) = 2z f(z) for all 2. Show
that f(z) =0 for —1 <z < 1.

187. Calculate

OOE ln(l—f—l)ln(l—ki)ln(l%— L >
1 n 2n 2n+1/°
n=

n

188. Let f(z) = Zak sin kx, with aj,a9,...,a, real numbers and n > 1. Prove

k=1
that if f(x) < |sinz| for all z € R, then

n
Z kak
k=1

<1

189. Let f : [a,b] — R be a function, continuous on [a,b] and twice differentiable
n (a,b). If f(a) = f(b) and f'(a) = f/(b), prove that for every real number ), the
equation

(@) = Mf'(2)* =0

has at least one zero in the interval (a, b).

190. Let a > 1 be a real number, and let (uy),>1 be a sequence of positive numbers
(0.¢]

. . Unp — U . .
such that lim wu, =0 and lim £B exists and is nonzero. Prove that E Un
n—oo n—oo Un 1
n=

converges if and only if o < 2.
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191. Prove that, for any two bounded functions gq,g2 : R — [1,00), there exist
functions hy, ho : R — R such that for every x € R,

sup (91(s)"ga(s)) = max (why(t) + ha(t)) .
seR teR

192. Is there a strictly increasing function f : R — R such that f'(z) = f(f(x)) for
all reals x7

193. Does there exist a continuously differentiable function f : R — R satisfying
f(z) > 0and f'(z) = f(f(z)) for all reals x?

194. Find all differentiable functions f : R — R such that

flz+n) - f(x)

n

f(z) =

for all real numbers = and all positive integers n.

195. Find the set of all real numbers k with the following property: for any positive,
differentiable function f that satisfies f/(x) > f(z) for all x, there is some number N
such that f(z) > e for all z > N.

196. Let f: (1,00) — R be a differentiable function such that

z® — (f(2))?
22 ((f(2))* +1)

for all z > 1.

f(z) =

Prove that lim f(z) = oc.
T—00

197. Define f : R — R by

f(x){x ifz<e

zf(lnz) ifx>e

o
1
Does g converge?
=il

f(n)
198. Find all sequences ag,aq,...,ap of real numbers with a, # 0, for which the
following statement is true: if f : R — R is an n times differentiable function and
rg < 1 < --- < xp are real numbers such that f(zg) = f(z1) =--- = f(zp) =0,
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then there is h € (zq, zp,) for which

agf(h) + a1 f'(h) + - - + anfM(h) = 0.

199. Let f: (0,00) — R be a differentiable function. Assume that

lim (f(m) + @) =

T—00

Prove that lim f(z)=0.

T—00

200. Let f be a twice continuously differentiable function on (0,00) such that

lim f'(r) = —oc and lim f”(z) = +oo. Show that
z—0t z—0t

flx) _

z—0+ f'(z) a

201. Determine all Riemann integrable functions f : R — R such that

z+1/n x
| wa= [ rwas i),
0 0

for all reals x and all positive integers n.

1
202. For each continuous function f : [0,1] — R, let I(f) = / 22 f(z) dz and
0

1
J(f) = / zf?(z) dz. Find the maximum value of I(f) — J(f) over all such functions.
0

203. Let f:]0,1] — [0,00) be a continuous function. Show that

/01 f?’(x)d:v24/01x2f(m)dx/01xf2(x)dx.

204. Find all differentiable functions f : [0, 1] — R with continuous derivative such
1
that f(0) = ~5 and

/O () dr < 2 /0 @)
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205. a) Let f:[0,1] — R be continuously differentiable and satisfy f(1) = 0. Show

that
1 1
[ r@ie < [ 20wp e
b) Let [O 1] — R be a differentiable function with continuous derivative such that
f(1) = 0. Show that

1 1 1 2
fL‘2 / T 2 J5 €T 2 g5 €T 96
{A U(NdZALﬂHd+(AfUd)

206. Let f:]0,1] — [0,1) be a continuous function such that

1 1
/ f(a")dx < / f™(z) du, n>1.
0 0

Show that f(x) =0 for all x € [0, 1].

207. Find all continuous functions f : R — [1,00) for which there exists a € R and a
positive integer k£ such that

f(@)f(21) - f(nx) < an”,

for every real number x and positive integer n.

208. Let f:[0,1] — R™ be an integrable function. Compute the following limits:

—

209. Prove that

. 1 oy 1
(50 [ ) - [

arctan x

where f(x) = if z € (0,1 and f(0) =
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1
210. Let f:]0,1] — R be a continuous function such that / f(z)dxz = 0. Prove
0
that there is ¢ € (0,1) such that

/chf(x)da::O.

211. Let f: [—1,1] — R be a continuous function. Show that:

1
a) if / f(sin(z 4+ ) dx = 0 for every a € R, then f(z) =0 for all z € [—1,1];
0

1
b) if / f(sin(nz)) dz = 0 for every n € Z, then f(x) =0 for all z € [—1, 1].
0

212. Let f : [0,00) — R be a periodic function, with period 1, integrable on
[0,1]. For a strictly increasing and unbounded sequence (z5)p>0, o = 0, with

lim (2,41 — xn) = 0, denote r(n) = max{k | xj, < n}.
n—oo

a) Show that
1 r(n) 1
lim — Ty — flx :/fa:dac.
Mong k= o)l (an) = | F(@)

b) Show that

r(n) 1
: 1 Z f(logk)
nlggo logn — k _/0 f(@)da.

213. Let f and g be two continuous, distinct functions from [0, 1] to (0, +o00) such

1
that / f(x)de = / g(x)dx. Let (yn)n>1 be the sequence defined by
0

1
0
1 rn
Yn :/ / "H(x) dz.
0 9" ()

Prove that (y,) is an increasing and divergent sequence.

214. Let f: R — R be a continuous and bounded function such that

z+1 T
33/ f(t)dt = / f(t)dt, for any z € R.
o 0

Prove that f is a constant function.
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215. Let f:]0,1] — [0,00) be an integrable function. Show that

/0 @) /O ey de < /0 i) da,

/lef(x)dx/olef(x)dxg/Olf(x)dx/olx?)f(g:)dx.

and

216. Show that for any continuous function f : [0, 1] — R,

;l/olfQ(x)dx+2(/Olf(x)dx>223/()1f(x)dx/()1xf(x)dx.

217. Let f:]0,1] — R be an integrable function such that

/Olf(x)dx:/ole(a:)dx:/lezf(x)dx:1.

1
Show that / () dx > 9.
0

218. Let f: [0,1] — R be a differentiable function with continuous derivative such

that ) )
/ f(x)dx:/ zf(z)dx = 1.
0 0

1
Show that / (f'())? dz > 30.
0

219. a) Consider f : [0,00) — R and g : [0,1] = R two continuous functions such
that lgn f(z) = L € R. Show that
r—00

n . 1
nlglé()%/o f(x)g(;) dx:L/O g(x)dx.

n
b) Find lim l/ zlog(1+2/n) ;.
0

n—oo n 1+
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1
220. a) Let f:[0,1] — R be a continuous function such that / f(z)dz = 0. Show
0

:/ch(x)dx

b) Let f:[0,1] — R be a continuous function such that f(1) = 0. Show that there
exists ¢ € (0,1) such that
@€
= / f(z)dx
0

that there exists ¢ € (0, 1) such that

221. Let f:]0,1] — R be a differentiable function for which there exist a,b € (0, 1),

a 1
a < b, such that / f(z)dz =0 and / f(z)dz =0. Let M = sup |f'(x)|. Show
0 b x€[0,1]
that
+b

x)dr| < —M.

Moreover, if f : [0,1] — [0, 00) is differentiable on [0, 1] and there exists a € (0, 1] with
a

f(z) dz = 0, show that
0

x)dz| < sup |f'(z)|.

2€(0,1)

222. a) Let fo: [0,1] — R be a continuous function. Define the sequence of functions
T
fn:]0,1] = R by fr(z) = / frn—1(t)dt for all integers n > 1. Prove that the series
0

Z fn(x) is convergent for every = € [0,1] and find an explicit formula for the sum of

the series. .
b) Let [y = Inz. For n > 0 and = > 0, let Fj41(x) = / Fy(t)dt. Evaluate
0

|
lim —nFﬂ(l)

n—oo Inn

223. Let f : [0,00) — R be a strictly decreasing continuous function such that
(0.9]
— 1
lim f(x) = 0. Prove that / fz) = fle+1) dx diverges.
0

T—00 f(z)
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224. Let (an)p>1 be defined by

1
an:glogn—/ log(1t+2t+---+nt)dt.
0

i) Show that the sequence ay, is convergent and find its limit a.

ii) Show that 0 < n(a —ap) <

DO W

225. Let f : R — R be a continuous and periodic function of period T' > 0. Show
that:

1 T
lﬁ&;/f ‘/ft“
ii nlglgo/fnxdx——/f t)dt.

iii) Let f,g : R — R be continuous functions such that f(xz + 1) = f(x) and
g(x + 1) = g(x) for all real x. Prove that

gﬁﬂﬂmwmm=éﬁwwélmm.

226. Let aqy, a9, ... be real numbers. Suppose there is a constant A such that for all

n,
[P —

1=

Prove there is a constant B > 0 such that for all n,

n

Z (1 + (a; — aj)2) > Bn?.

1,7=1

227. a) (Hermite-Hadamard) Let f : [a,b] = R be a convex function. Show that

@—aﬁ(a;f)s/%ﬂ@dxs@—aﬂﬁiiﬂ@.

2
k+1 k+1/2
log k + log(k + 1
b) Show that / log x dx > ogk + log(k + 1) for k> 1, and/ logxdx <
k 2 k—1/2
log k for k > 1.
c) Consider the sequence (ap),>1 defined by
" 1
ap = logxdx—log2—---—log(n—1)—§logn, n > 1.
1
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1 5
Show that ay, is increasing and 0 < a, < 3 log —.

4
4 n n
d) Prove that L\L/;e\/ﬁ (E) <n!<eyn (E) for n > 1.
e e
|
e) (Stirling) Show that lim B ——

n—00 (_)n 2N

228. Show that for any continuous function f : [—1,1] — R we have the inequalities

1 1 2 1 2
[ rwa 22</_1f()d) +2</_1 f()d),
1 1 2 1 2
/_lf(x)deQ(/_l f()d> +2</_1 f()d>-

and

1
229. a) Let f:[0,1] — R be a continuous function. Show that lim / " f(x) de =
0

n—00
0.

b) Let f :[0,1] — R be a continuous function. Show that

n—oo n—oo

1 1 1
lim n/ 2" f(z)dz = f(1), lim n/ x"f(xn)da::/ f(x)dzx.
0 0 0
c) Let f,¢:]0,1] — R be two continuous functions. Show that

lim Jo =" f(@)ds _ f(1) lim Jo 2" f@)de [y f(a)de

o [Tongyde 90 w550 [Tongmyde  [Lg()de

d) Find a real number ¢ and a positive number L for which

_ chF/Q " sinx dx
lim r 2 =L
70 fO x" cosx dx

230. Let (ap),en be the sequence defined by

n
1 ak
a0 =1, an+1:n+1kz_0n—k’+2'

n

Find the limit lim ) @ -&.
n—o00 - Qk
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231. Prove that for any real numbers ay, a9, ..., an,

Z Z-i—?]—]—lazajz (Zal> .

1<i,5<n i=1

232. (Hardy) Let p > 1 and let f : [0,00) — R be a differentiable increasing function
o0

such that f(0) =0 and / (f'(x))P d is finite. Show that
0

o0 3 p p o0 ,
/0 fcplf(x)lpde<ﬁ> /0 (7 (@) da.

233. Let uy,u9,...,up € C(]0,1]") be nonnegative and continuous functions, where
u; does not depend on the j-th variable for j =1,2,...,n. Show that

n—1
n
n—1
0 0 70 Y |
234. (Zagier) Prove that if aq, as, ..., an, by,ba, ..., by are nonnegative, then

2

Z min(ai,aj) Z min(bi,bj) > Z min(ai,bj)

1<4,5<n 1<i,5<n 1<4,5<n

235. Let {D1,Ds,...,Dp} be a set of disks in the Euclidean plane and a;; =
S(D; N Dj) be the area of D; N D;. Prove that for any real numbers x1, 29, ..., 2n,

n n
ZZawxzwj > 0.

i=1 j=1

236. Let a,b € R, f:[a,b] — [0, 1] an increasing function, and define the sequence

b
(cn)n>1 by cn = n/ f"(z) dz. Show that:
a
i) nh_{go(cn+1 —cp) = 0.

i) lim L = f(p).

n—oo Cn,
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237. Let f:[0,1] — R be a C! function. Show that

lim n %(/Olf(x)dﬂff—% > f(%)f(%)

1<i,5<n

11 £0) — f(1)
:5/0 fQ(x)dx—l— 5 /Of(x)dx

1 1/n
238. a) Find the limit lim (/ (1+z™" d:r)
n—oo 0
2

1
b) Prove that lim n? </ V1+a"dr — 1) -
0

n—00 12

239. Let f: [0,1] — R be a differentiable function such that f’ is bounded. Show

that
1 1 2 1 2
/ f2<x>dx—( / f<x>dx) <L s f@)
0 0 12 xz€[0,1]

240. Assume that f: R — R is a continuous injection. Prove that if there exists n
such that the n-th iterate of f is the identity, that is, f"(z) = z for all x € R, then:
a) f(x) =z for all x € R, if f is strictly increasing;

b) f2(x) = z for all € R, if f is strictly decreasing.

241. (Continuity of square-root-type functional equations)

a) Assume that f : R — R satisfies f(z)? = —z for all # € R. Show that f cannot be
continuous.

b) Find all continuous functions f : R — R such that f2(x) = cos(z) for all = € R.

242. Find all functions f : R — R which have the Intermediate Value Property and
such that there is n € N for which f(z) = —x for all x € R.

243. Give an example of a continuous function f : R — R which attains each of its
values exactly three times. Does there exist a continuous function f : R — R which
attains each of its values exactly two times?

244. Let f € C?[0,1] be such that f(0) = f(1). Show that

1
35(1)° < / 7(@)? da.
0
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245. (Monotonic functions and continuity)

a) If f is monotonic on [a, b], then the set of discontinuities of f is countable.

b) Let f : R — R be a surjective monotonous function. Show that f must be
continuous.

246. Let f :[0,1] — [0, 1] be a continuous function. Consider any sequence given by
Tp41 = f(xn). Show that (z,) converges if and only if limy, o0 (p41 — 2n) = 0.

247. Let f be a three times continuously differentiable function with the property
that £(0) = f/(0) = 0 < f(0). Define

d )
=5 (W)

for 2 # 0 and ¢(0) = 0. Show that ¢ is bounded in a neighbourhood of 0. Does this
conclusion still follow if f is only twice continuously differentiable?

248. Let f:]0,1] — R be given by f(x) = 2x(1 — x). Denote f,, = fo---o f for the
n-fold composition of f. Determine

/O (@) de

Does this sequence converge?

249. Let f: R — R be a twice differentiable function satisfying f(0) = 2, f/(0) = —2
and f(1) = 1. Prove that there exists some ¢ € (0,1) such that

fle)- file)+ f'(e)=0.

250. Let ¢ € (0,1) and define

o) = x/c if z € [0, ¢[;
@) {(lx)/(lc) if z € [c, 1].

Show that the equation f"(x) = z only has finitely many solutions for every n > 1,
where ™ denotes the n-fold composition of f with itself. Show also that for every n,
there are solutions to f™(z) = x for which this n is minimal.
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251. (*) Let f:(0,1) — [0,00) be a function that is non-zero only on the distinct
points ay,as, . ... Suppose that

o

Zf(an) < 00.

n=1

Prove that f is differentiable at at least one x € (0, 1).

252. Let f :[0,1] — [0,1] be a strictly increasing function. Show that for some
x € [0,1], it holds that f(x) = x. What if f is strictly decreasing?

253. Let f : [a,b] — [a,b] be a continuous function and let p € [a,b]. Define the
sequence (pn) by po = p and pp1 = f(pp) for all n > 0. Suppose that the set
Ty = {pn | n € N} is closed. Prove that T), is finite.

254. (*) Let g : [0,1] — R be a function and define the sequence of functions
fn 1 (0,1] = R by setting fo(x) = g(x) and

fon) = [ pioya

for all z € (0,1] and n > 0. Determine lim,, o0 fp(z) for every = € (0, 1].

255. Let f,g: [a,b] — [0,00) be continuous and non-decreasing functions such that
for each x € [a, b], we have

/j%dtﬁ/j@dt,

with equality for = b. Prove that
b
a

b
/\/1+f(t)dt2/ 1+ g(t) dt.

256. Let f : R — R be a three times differentiable function. Prove that for some
c € (—1,1), it holds that

f"(e) = 3f(1) = 3f(=1) — 6£(0).

257. Let f,g : R — R be two functions with the property that f(r) < g(r) for all
r € Q. If f and g are non-decreasing, does this imply that f(x) < g(x) for all x € R?
What if f and g are both continuous?
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258. Let f : R — R be a continuous function. We say some z € R is a shadow-
point of f if for some y > x it holds that f(y) > f(x). Let a < b now be two real
numbers that are not shadow-points of f, with the property that all points in (a, b)
are shadow-points of f. Show that f(z) < f(b) for all € (a,b) and that f(a) = f(b).

259. Compute

1 A
lim —/ AT g
A—o0 A 1

260. Let f : [a,0] — R be a continuous function that is differentiable on (a,b).
Suppose that f has infinitely many zeroes, but that there is no x € (a,b) such that

f(z) = f'(z) = 0. Prove that f(a)f(b) = 0 and give an example of such a function on
[0, 1].

261. Let f : [0,00) — R be a continuous function satisfying the property that
lim; 00 f(x) = L exists. Prove that

n—oo

1
lim / f(nz)dz = L.
0

262. (*) Define the sequence fi, fa,... : [0,1] — R of continuously differentiable
functions by

fi=1, fos1 = Fafnsron (0,1)  and  fry1(0) = 1.

Show that lim,, o0 fn(z) exists for every € [0, 1] and determine the limit function.

263. Let f,g: R — R be continuous functions such that g is differentiable. Suppose
that

(f(0) = ¢'(0))(¢'(1) = £(1)) >0,
Show that there exists some ¢ € (0, 1) such that f(c) = ¢'(c).

264. Let V be the set of all continuous functions f : [0,1] — R, differentiable on
(0,1), with the property that f(0) =0 and f(1) = 1. Determine all a € R such that
for every f € V, there exists some £ € (0,1) such that f(£) +a = f/(£).

265. Determine all continuously differentiable functions f : R — R satisfying for all
z € R the equation

fla)? = /0 ' FO2 + f1(8)? dt + 2023.
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266. Consider a continuous function f : R — R satisfying

f@2x— f(x)) =2 forall zeR.

Suppose that f(a) = « for some o € R. Show that then f(z) = x for all z € R. Does
this conclusion still hold if f such an a need not necessarily exist?

267. Let ¢ > 0. Determine all continuous functions f : R — R with the property that

flz) = f(z®+¢) forallz e R.

268. Determine all o > 0 with the property that for all differentiable functions
f: R — Ry such that f'(x) > f(z) for all z € R, there exists some N € R such
that f(x) > e for all z > N.

269. Let a,b € (0,1/2) and let g be a continuous function satisfying the property that
g(g(x)) = ag(x) + bz for all x € R.

Prove that g(x) = cx for some ¢ € R.

270. Prove that there exists no function f : R — R satisfying

f(f(x)+y)=f(x)+3z+yf(y) forall z,yeR.

271. Determine all differentiable functions f : (0,00) — (0, 00) for which there exists
some a € R such that

f'(a/z) = z/f(z) forall z > 0.

272. Determine all functions f: R\ {0} — R\ {0} satisfying

cf (22 f(y)) = yf(z) forall z,y € R.

273. Determine all twice differentiable functions f : R — R with f/(z)f”(z) = 0 for
all z € R.

274. Determine all continuous functions f : R — R satisfying

f(zx) +/x(:c—t)f(t) dt =1 forall z € R.
0
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275. Let f:[—2,2] — R be continuously differentiable. Prove that there exists some
x € (—2,2) such that

fl(@) - f(z)? < 1.

276. Let f: (0,00) — R be a twice continuously differentiable function such that
/" (@) + 22f'(x) + (@ + 1) f(2)| < 1

for all z > 0. Prove that limz—yoo f(z) = 0.

277. For any given x € (0,7/2) determine which of tan(sin(x)) and sin(tan(z)) is
bigger.

278. Let f : R — R be a twice differentiable function satisfying f(0) = 1 and
f'(0) = 0, and further

f"(x) = 5f'(x) + 6f(x) >0 forall z > 0.

Show that for all x > 0, it holds that

279. Let 0 < a < b. Prove that

b
2 2 2
/ (:1c2 +1)e " de>e @ — eV
a

280. Let f: R — R be a continuously differentiable function with the property that
F1(t) > f(f(t)) forallteR.

Show that
fUf(f() <0 forallt>0.

281. Let f: R — R be a twice differentiable function with the property that f(0) = 0.
Show that there exists some ¢ € (—7/2,7/2) such that

F(¢) = fle)(1 + 2tan(c)?).

282. (*) Define f(z) = sin(z)/x. Show that for all > 0 and n > 1, it holds that
1
@) <

n+1’
where f (") denotes the nth derivative of f.
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283. Consider the set of continuous functions f : [0,1] — R satisfying

f@)+ fly) > |z —y| forall z,yel0,1].

/0 1 f(z)dz

Find the minimal value of

for functions in this set.

284. Consider a differentiable function f : R — (0,00) with the property that for
some constant L > 0, it holds that

[f'(@) = f'(y)| < Lz —y| forall z,y € R.
Show that for all z € R, it holds that

f'(z)? < 2Lf(2).

285. Find all differentiable functions f : (0,00) — R with the property that

f(b) = fla) = (b —a)f'(Vab) for all a,b > 0.

286. Find all twice continuously differentiable functions f : R — (0, c0) such that

() f(z) > 2f’(m)2 for all z € R.

287. Find all functions f : R — R that have a continuous second derivative and for
which the equality

f(Tz+1) =49f(x)
holds for all z € R.

288. If f has continuous derivative on [—1, 1], find

1
lim / f;f(x)2 dx,
h—ot J_1 he+ 2

assuming the limit exists.

289. Let f:[0,1] — R be twice differentiable on [0, 1] with f”(z) > 0 on [0, 1]. Show
that

1
4| floyde < f1 /f
1/2
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290. If f has continuous third derivative on [a, b] and has at least three roots in [a, b],
show that

(b—a)? (3)
wfélﬁ“f(fv)lﬁ = ;Q[ifi,]'f (@)l

291. Let {an}o° ; and {b,} > ; be sequences defined by ag > 0, by > 0,

1
b1 = bp + — n=0,12...

a = an +
n+1 n 2an7

1
Moy,

89
Prove that max(a919, b2019) > =

1

292. Let uq,uo,... be defined by uy = 1, up = up_1 + ,n=23,.... Prove
n—1

that 63 < u9p19 < 78.

12 + 20192y, + Ty,
2

293. Let (25,)7° ; be defined by 71 =1, 2,41 = for n > 1.

n
1
a) Let y, = Z —5. Compute limy,—s+ 00 Yn-
=i
In

b) Compute lim —.
n—+o0o N

1 1
294. Let (2p);2; be defined by x1 = 3 Tntl = T2 — 5 for n > 1.

1
a) Prove that —3 < xp <0 for all n > 2.

b) Prove that (2y,)>° ; converges and find its limit.

1
295. Let {un} be defined by ug = 0, u; = v Untl =

n=1,2,.... Prove that {u,} has a limit and find lim w,.
n—oo

% (1 + up + u%_l) for

296. Let f: (—00,+00) — (—00,+00) be continuous with f(f(z)) > z for all x € R.
Define 1 = f(0), zp41 = f(zy) for n € N*.

a) Prove that x, > 0 for all n € N*.

n

Xz — X
b) Find lim Y —F+2 "k
=€ el TEL+1Tk+2
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297. Let f: (—00,4+00) — (—00,4+00) be bounded below. Prove that there exists a
real sequence {xp}>° ; such that

F(@n +2019) — flan) < % (¥n € N¥).

298. Let f be twice differentiable on R with sup |f(z)| < oo and sup |f”(z)| < oco.
z€R z€R

sup | /()] < 2\/sup 1£(z)] - sup | £(z)]-

zeR zeR zeR

Prove that

299. Let f : [a,b] C (0,4+00) — R be continuously differentiable. Prove that there
exist ¢,d € (a,b) with ¢ < d such that

c(c—a)f'(c) = a(b - o) f'(d).

300.

a) Let f(z) be continuous on [0, 5] and differentiable on (0, §), with f(0) = f(5)

0 and f2(z) + [f'(z)]® # 0 for all x € (0, F). Prove that there exists ¢ € (0, F)
such that 0+ £1(0)
c)+ J(c
N GE0)

b) Let f:]0,1] — [0,00) be continuous. Study the convergence of the sequence

1
unzn/ [f(®)]" dt, n=1,23,...
0

301. Let f be four times continuously differentiable on [—1, 1] with f/(—1) = f/(1).
Prove that there exists ¢ € (—1,1) such that

2£(0) ~ £(=1) ~ (1) = 7 Do)

302. Let f have continuous derivative on [0, 1] with f(0) = f(1) = 0. Prove that
there exists z¢ € [0, 1] such that

1
|f' (o) 24/0 ()| dw.
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303. Let f:[0,1] — R be twice differentiable, with f(1) > 0 and f”(x) < 1 for all
z € [0,1]. Prove that

N

£0)—2£(3) < -

304. Let f be continuous on [a,b] and g differentiable on [a,b], with (f(a) —
d'(a))(f(b) — ¢'(b)) < 0. Prove that there exists ¢ € (a,b) such that f(c) = ¢'(c).

305. Find all functions f : [0, 1] — [0, 1] satisfying

|f(@) = fW)| > |z —yl, Vr,yel01]

306. Find all continuous functions f : R — R satisfying f(z) = —f(z2) for all z € R.

307. Let f(z) =2z — [z], z € R, where [z] denotes the integer part of z.

1. Study the continuity of f(x) on R.

3
2. Prove that f(z) is Riemann integrable on [0, 3], and compute / f(z)dx.
0

308. Let f: R — [0,400) be continuously differentiable. Prove that

/01f3<:c> /f Jdz| < max |f'(@ (/f )

309. Let f be continuous on [0, 1], differentiable on (0, 1), and satisfy

1/3
F1) =3 / 2 £(0) do
0

Prove that there exists ¢ € (0, 1) such that f’(c) = 2¢f(c).

310. Let f:[0,1] — R be continuously differentiable on [0, 1], with f(1) = 0. Prove
that there exists ¢ € (0,1) such that

2019 f'(c / f(z) dz = — f(c) - tan(2019£(c).
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311. Let f: [0, +00) be continuously differentiable on [0, 1], with f(0) =
1[nax f'(z) =6, / f(z)dx =

a) Prove that 0 < f(1) <2

[GVI )

1
b) Prove that / [f(2)]? dz <
0

312. Let ¢ and f be defined on R by

=ijs? £ 0 el/a? /m p(t)dt = #0
o(z) = { L fl@)= 0 ’
0 z =0, 0 7 =1,

It is known that ¢ is continuous and differentiable on R, and f is odd on R.
1. Prove that f is differentiable at every = # 0 and compute f/(z).

2. Prove that for all x > 0,

Deduce that f is differentiable at 0 and f/(0) =
flx)

3. Compute h
v —0 x3

1 1
313. Let f :[0,1] — R be differentiable and satisfy / f(z)de = / zf(z)dx.
0 0
Prove that there exists ¢ € (0,1) such that

#(c) = 2018 £/(¢) /O e

314. Let a < b be real numbers and f : [a,b] — R continuously differentiable with

b
/ f(z)dz = 0. Prove that
a

max
z€[a,b]

(b—a)?
8

[ 0]
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F(b) =0, f(z) # 0 for all

315. Let f(x) be differentiable on [a, b] and satisfy f(a) =
n € (a,b), such that

x € (a,b). Prove that there exists a sequence {z,}, =

lim f/(xn)
550 (¥/e — 1) fan)

= 2021.

316. Let f(z) be continuous on [0, 1], differentiable on (0,1), and satisfy f(0) =
f(1) = 0. Prove that there exists ¢ € (0,1) such that f/(c) = f(c).

317.

1. Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b), with
0 < a < b. Prove that there exist ¢, o € (a,b) such that

f(a)f'(ca) + f(ea) f (1)

b—co

= f'(c1) f(c2).

2. Suppose f : [0,1] — (0, 00) is twice differentiable, with f(0) = f’(0) = 2 and
f(1) = 1. Prove that there exists £ € (0, 1) such that

FEfE©)+ '€ =0.

318. Let f :[0,1] — R be continuously differentiable with m[ax If'(t)] = M < oco.
te

)

Prove that for all z € [0, 1],

<-[@z-172+1] M,

| =

1
|f<:c> _ /0 Ft)di

and that the constant ;11 is best possible (it cannot be replaced by a smaller number).

1
319. Let f:[0;1] — R be continuous with / f(z)dx = 0. Prove that
0

/01f2(x)dx2 12 (/lef(ac)dx)2.

320. Let f(z) be continuously differentiable on [0, 1]. Prove that

1
1£(3)] < /O (IF @) + 317 ®)])

1
@) < /O (FOI+1F @O dt, Ve e0,1]
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321. Let f: [—1,1] — R be continuous. Prove that

1 1 2 1 2
[u@ra=2( [ 2rwa) +3( [ o)

322. Let f € C?[-1,1] (i.e., f is twice continuously differentiable on [—1,1]) with

f(0) = 0. Prove that
1 1 2
"(2)1? dx z dx] .
[ ezl [ s

-1

323. Let f : [a,b] — R be twice differentiable with f/(a) = f/(b) = 0. Prove that
there exists ¢ € (a, b) such that

()] 2 ———351f(b) = f(a)l.

4
(b—a)

324. Let f(x) be continuous on [0,1]. Let m = min f(x), M = max f(z). Prove
z€[0,1] z€[0,1]

1 1 2 2
2. o) de (M —m)
Ammm Mﬂm]g—ff

that

325. Let f:[1,13] — R be a convex, integrable function. Prove that

3 13 9
/f(x)d:v+ f(:v)dxz/ f(z) da.
1 11 5

326. Let f be defined on R, periodic with period T' > 0, and integrable on [0, T].

Compute
_Jo f@yat
lim ——.

T—00 X

1
327. Let f:[0,1] — R be continuous with / [f(2)]? dz = 0. Show that
0

1 1 4
[vera> 2] [ jwal .

o8




b
328. Let f : [a,b] — R be continuous with / f(z)dx = 0. Prove that there exists
a

o€ (0, b—Ta) such that

f(a;—b—a> +f<a—2|—b+a> _

329. Let M be the set of continuous functions f : [0; 1] — R satisfying:

b
a) / f(m)dx:bga(f(a)+4f<a—2|_b>+f(b)> for all real a,b with 0 < a <
bagl;

b) f(z) always has a root in [0, 1], and the set of roots of f(x) in [0, 1] is finite.
Prove that:

1) Every cubic polynomial satisfies condition a).
! 5
2) / |f(x)| dr < = max|f(x)| for every f € M.
0 670.1]

)
3) For every C € (O7 6), there exists at least one f € M such that

1
/O o)l da > Cpax (o).

b
330. Let f be continuously differentiable on [a, b] with / f(z)dx = 0. Let M =
a

max_|f'(z)|. Prove that
x€|a,b]

331. Let f: (0,+00) — R have a continuous second derivative and satisfy
1f"(2) + 4z f'(x) + 2(22% + 1) f(z)| < 2018,  Va > 0.

P that i = 0.
rove tha m_l)ﬂl_loof(ili)
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332. Let f be continuously differentiable on [2018,2019] with f(2019) = 0. Prove
that the equation
(z — 2018) f'(x) = (z — 2019) f(x)

has a solution.

333. Let f: R — R have a second derivative and satisfy f (g) = 0. Prove that there
exists ¢ € (0,7) such that

334. Let f(x) be continuously differentiable on [0,1] with
1
/ (f'(x)+(1—2x)f(x)) dr = 5. Prove that there exists ¢ € (0,1) such
0
that f'(c) = 6.

335. Let f:[0,1] — [—1, 1] be continuously differentiable on [0, 1] with f(0) = f(1) =
0. Prove that there exists ¢ € (0, 1) such that

f'(c) = 2ctan f(c).

2015
336. Let f be continuous on [2013,2015] with / f(z)dx = 0. Prove that there

2013
exists ¢ € (2013,2015) such that

2014 i f(z)dzx = cf(c).
2013

1 1
337. Let f: [0,1] — R be continuous with / f(z)dz = / xf(x)dz. Prove that
0 0
there exists ¢ € (0,1) such that

f(c) =2014 /OC f(z)de.

338. Let f be continuous on [a,b] and differentiable on (a,b), with @ > 0 and

b
/ f(z) dxz = 0. Prove that there exists ¢ € (a,b) such that
a

2014c /Cf(a:) dx —2013cf(c) + 2012 /cf(a:) dx = 0.
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339. Let f : [—1;1] — R be continuous. Prove that the equation
z 2% () — 2014 (z) = —2013x

has a solution on [—1,1].

340. Let ¢(x) have a first derivative on [1,2] and a second derivative on (1,2),
satisfying

2
Aﬁﬂ@dz=zmm—wu>—n S =1

Prove that the equation z¢” (z) + ¢/ (z) = 0 always has a solution in (1,2).

341. Let f and g be both increasing or both decreasing on [0, 1]. Prove that

/Olf(w)g(fv) dx > /Olf(fv) da - /Olg(w) da.

1’2 — X
342. Let f(CC) = m Prove that
—10 1/11 11/10
I:/ () dx+/ 2(x) dx+/ 2(2) da
—100 1/101 101/100

is a rational number.

343. Let f be continuous on [a, b] with f”(z) > 0 for all z € (a,b). Prove that

b
/ f(z)dz > (b—a) (f(c)—i— (a;b—c) f’(c)), Ve € (a,b).

344. Let f be defined and continuously differentiable on [0, b], with f’ decreasing on
[0,b]. Prove that for all a € (0,b),

b a
7 [t [ fya> DL

a

345. Given the sequence of real numbers (ay, ) satisfying

n—+1 2
anp — —, a1 = o, n=1223,...
n n

ap41 =

Find all « for which (ay) converges.
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(p) (p—1) (0)

346. Let s < ¢ be real numbers, p a given natural number, and let a,, ', ay, 7, ..., ap
be sequences of real numbers such that

q
lim / ‘f(x) — a%p)xp — a%p_l)xp_l — 000 — ag)) dr = 0.
n—oo s
a) Prove that the sequences a%p ) , a,({’ _1), e ,a%o) are convergent. b) Prove that there
exist real numbers lg, 1, ...,lp such that f(z) =ly + iz + - + [paP.

347. Let f:[0,1] — R be a C! function such that f(0) = f(1) = 0. Prove that

2 1

1
( /0 x2f<x>dx) <15 [ P

348. Let f: (0,00) — (0,00) be an increasing function such that

lim —f(x st

AT

f(=)

Prove that lim =0, for any a > 1.

T—00 Q@

349. Let f:[0,1] — [0,1] be a continuous function which is derivable on (0, 1], such
that f/(z) < 0 for z € (0,1], f(1) = 0 and f’(1) < 0. Prove that for every integer
n > 1 the equation f(x) = 2™ has a unique solution in the interval (0, 1), denoted by

an, and that
lim ——(ap — 1) = —1.
n—oo Inn

350. Let P,@ € R[X] be nonconstant monic polynomials such that k = deg P =
deg @ + 1.

a) Prove that

2z tk—l
I L dt=T2
g /m P{t) .

f(z)

b) If f: R — R is a continuous function such that lgn =~ =1, compute the
T—00 T
limit )
i
t
z—00 J . P(f(t))
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351. Let f:[0,1] — R be a differentiable function with continuous derivative such
that f(0) = f(1) and fol zf(z)dz = 0. Prove that

1 1 2
"(2))? dx a:d:v).
/O(f()) 2180(/0 f()

352. Let f € C?"*1([0,1],R) for some n > 0 such that f(1/2) = f'(1/2) = f"(1/2) =
... = f(@n)(1/2) = 0. Prove that

1 9 1 2
/0 (f(z +1)<m)) P (/O FCn1) () dx)

2
> 24n+2(4n+3)((2n+ 1)!)2 (/1 f(x) dx) :
0

353. Prove that for all natural numbers n > 4 the equation

n

Z;i
k2+2%k+x 4
k=1

has a unique solution in the interval (—1,0), denoted by z,, and find the value of

lim nz,.
n—o0

354. Let f:[0,1] — R be a differentiable function with continuous derivative on [0, 1]
such that f(0) = f(1/2) = f(1) = 0. Show that

1 1
"(2))2 dx :Bdoc)
/O(f()) 248(/0 1)

2

355. Find all C? functions f : R — (0, 00) such that there exists a > 1 for which

2

@) f(@) > a(f(2)°, VzeR

356. Let f be a real-valued function, at least five times continuously differentiable on
the closed interval [a, b], such that

=g wa (2] p(2E0).
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Show that

a+b

5 b b—q)b
/ f(x)dz — / » f(x)d:c‘ﬁ (184;;)0 sup |£0)(a)],
a 5 z€la,b]

where f (5) denotes the fifth derivative of f

357. Let f: R — R be an odd function, of class C2025_ for which f(Z++1)(0) = 0 for
all k € 1,1011, and f(2025)(0) > 0.

a) Prove that there exists € > 0 such that the series
oo
1 1
Zlnl14+ ——
2, “( N nf(x))
n=1
is convergent for all z € (0,¢).

b) For all z € (0,¢), denote the sum of the previous series by S(z) and let
1 .
g(x) = ——. Study the convergence of the series
S(x)

>o(is)

n=1

where o > 0.

358. Let (an)p>1 be a sequence of real numbers such that

lim a, =0 and lim (a; +ag+ - +ap—nap+1) =L €R.

o0
Prove that the series E an, converges and determine its sum.

n=1

) — R be a function that admits the first-order derivative at 0 and
= (. Compute the value of

2n—|—1
1 1
lim = / f(ﬂ) dz.
n—,oo N on xr

359. Let f : [0,
such that f(0)

360. Let (an)p>1 be a sequence of nonnegative real numbers which converges to

a € R.
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a). Calculate

1
lim 7(// (14 apa™)™dz.
n—oo 0
1 _
lim 7\L// (1 4t +agzd + -+ + agp_122" 1)" dzx.

b). Calculate

361. Let (an),>1 be a positive real sequence such that

n
a a
lim = =q¢€ Ri and lim <n—+1> =bhe Ri.
n—oo n n—oo \  an

Compute

li — ap).
g 41~ n)

362. Let (apn)p>1 and (by),>1 be positive real sequences such that

..a —a . b
lim M:aERi and lim n—H:bERi.
n—00 n n—oo0 nbp,

Compute

lim Intl _ _9n
n—oo \ "HL/p g Von |

363. Let f : I C R — R be a twice differentiable function on I such that f” is
bounded on [a, b], where a,b € I, a < b. Prove that

b —a
[ s (e (552)) S - s

\/_ 211 £/
< 515 (0= )1 |+

364. Determine the biggest real number «, with the property that for any function
f:[0,1] — [0, 00) which meets the requirements:

i). f is convex and f(0) = 0;

ii). there exists € € (0,1) such that f is differentiable on [0,¢] and f’(0) # 0;
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the inequality holds

1 ZE2 1
/0 [—x fol 0 dt] dx > /0 (x+a)- —(f01 o dt>2 dr.

365. For every n > 1 define

1

— X

1
xnz/ln(1+x+x2+-~+x”)-ln1 dz.
0

(a) Show that zy, is finite for every n > 1 and lim x, = 2.
n—oo

(b) Calculate lim ——(2 — zy,).

n—oo Inn

2
366. Let (zp),>1 be the sequence defined by z1 € (0,1) and 41 =z — :;—Z for all

n > 1. Prove that the sequence (z5,),>1 is convergent to a limit C' > 0 and, moreover,

lim 87!
n—oo

o & c3 O\ 120443203
In — L — on—1 B 3.4n—2 | 21 :

367. Let f:[0,1] — R be a differentiable function with continuous derivative such
that f(1) =0 and f’(1) = 1. Prove that there exists ¢ € (0, 1) such that

76 = £ /0 Fw)dz

368. Let f:[0,1] — R be a continuous function such that

1 1
/ xkf(x)dxzo for0<k<n-1, / 2" f(z)de = 1.
0 0

1 2n 2
/fQ(x)dx2(2n+1)< )
0 n

Prove that

369. Let f:[0,1] — R be a differentiable function with continuous derivative such
that f(0) = f(1) = 0 and fol zf(x)dz = 0. Prove that

1 1 2
"(2))? dx a:d:v).
/O(f()) 2192(/0 f()
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370. We consider the function f of class C2 such that f’ (0) # 0 and we denote by
cn € [0, %] the point for which

1/n
n | f@)de = flen).
0
Compute
1
lim n (ncn — —> .
n—00 2

371. Prove that there exists a maximum value of @ € R, and find that value, for
which there is a sequence (ap)p>1 of positive real numbers such that

(0.9] o0
Z a% is convergent and Z Z—Z is divergent.
n=1 n=1
372. Find all continuous bijective functions
f:10,1] = [0, 1]

such that

/0 (@) da = /0 () do

for every continuous function

g:00,1] = R.

373. Forc > 0and n > 1, let

374. Let f:[0,1] — R be a function of class C*. Show that

1(3) < [ re@raes [

375. Show that there is no differentiable function f : R — R such that

|f(z)] <2z and f(x)f/(x) > sin, for all z € R.
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376. Let f(x) be a continuous real-valued function on [0, 00), differentiable on (0, c0),
and satisfying f(0) > 0 and f'(x) > (f(z))? for z > 0. Prove that f(z) = 0 for all
xz > 0.

377. What is the maximum value of

1 1
/x?’f(:v)2dx—/ 22 f(x)3 da
0 0

over all continuous functions f : [0, 1] — [0, 00)?

378. Let f:]0,1] — R be continuous on [0, 1] and differentiable on (0, 1), and assume
that either f(0) = f(1) or f(1) is not an extremal value for f.

(a) Prove that for any real A except A = 1, there are distinct ¢y, co € (0,1) such
that f'(c1) = Af'(ca).

(b) Prove that, whenever 0 < s1 < s9 < s3 < s4, there are distinct ¢q,c9,¢3,¢4 €
(0,1) such that

s1f'(c1) + saf'(c2) + s3.f'(c3) + saf'(ca) = 0.

379. Determine the functions f : [0,1] — (0, 00) of class C'! which satisfy the relations

1 1
f(1) =ef(0)  and /O (f’(x))zdx—i-/o mdxgz.

380. Let f:[0,1] — [0,1] be a continuous function. Show that the equation

2x—/xf(t)dt:1
0

has a unique solution in [0, 1].

381. Let f: [a,b] — R be continuously differentiable with f(a) = 0. Suppose that for
some A > 0, it holds that |f/(z)| < M| f(z)| for all x € [a,b]. Prove that f = 0.

382. Let f : [0,1] — R be a continuous function such that for every = € [0, 1], it

holds that
1 1— 22
/ Flt)dt > .
. 2

vV
OO.I —

1
Show that / F(t)? dt
0
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383. Let f : [0,1] — R be a continuous function with the property that for any
z,y € [0, 1], it holds that

rf(y) +yflx) <1

1
Show that / f(z)dz < %. Can equality hold?
0

384. Let f: R — R be a function satisfying

D 3 (flr+ky) - fl—ky)| <1,
k=1

for all n € N and all 2,y € R. Prove that f must be a constant function.

385. Find all strictly monotonous functions f : (0,00) — (0, 00) satisfying

f(@?/f(x) =z for all z > 0.

386. For each positive integer n, let f,,(0) = sin(#) sin(260) sin(46) - - - sin(2"0). Show
that 5
|fn(0)] < %|fn(7r/3)| for all @ € R and n € N.

1
1
387. Let f be a twice differentiable function on [0, 1] such that / f(z)de = @
0

Prove that

1
/O (@) dx > 30 (F(0))2

b
388. Let 0 <a<b,m= ot ,and let f : [a, b] — R be differentiable with continuous
derivative on [a, b], such that f(m) = 0. Prove that

a a 2
2&3/ (f’(:v))2dx23( f(x)dx) .

—a —a

389. Find all continuous real functions f on [—1, 1] that satisfy the integral equation

1/x
a:2+/ fla?t) dt = 1.
1
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390. Find all non-constant continuous functions f, g : R — R such that

Y T
yix/x f(g(t))dt:f< ;—y)) Vrz,y eR, z #y.

1
391. Let f:[0,1] — R be continuous, with z(z — 1) f(z) dz = 0. Prove that

there is a real number ¢ € (0, 1) such that

/ch2f(x)dx:c/ocxf(x)dx.

392. Define the sequence {ay} by the recursion ay =1, ap+1 = an + for n > 0,

g > 0. Find the constant ¢(q) such that

q - an

lim (an — v c(q) n) = 0.

n—oo

393. Let 0 < a < b and let f : [a,b] = R be continuous on [a, b], differentiable on
(a,b), with f(a) = f(b). Prove that there exist distinct ¢q, ¢y € (a,b) such that

Vb f'(c1) + Va f'(cz) = 0.

394. Let I be an open interval containing 0 and 1, and let f : I — R be a differentiable,
strictly increasing, convex function. If f/(1) < 2f(1), prove that there exist positive
real numbers a, b such that

Y2

1
/ (f(m))2n+1d$~a-b— as n — 0o,
0

n

and express a and b as functions of f(1) and f(1).

1
395. Let f:[0,1] — [0,00) be a continuous function with / xf(x)dxr = 1. Prove
0
that

1 1 1
/f(a:)der/ \/f(a;)da:+/ f2(x)\/f(:c)dx2%.
0 0 0

396. Let f:[0,1] — [0,00) be continuous. Show that

/01 Fo(x)dz > 6 (/le?’f?(x) dx) (/01 22 f3(x) dx) :
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where f™(z) = (f(x))" when n > 1.

397. Consider for x € (0,1) and n € N:= {0, 1,2,...} the equation

1—g)n1
(xTzl:Z (%)

Prove the following:

(1) For each n there exists a unique z,, € (0,1) solving equation (x).

(2) Prove that L := lim =z, exists.
n—oo

(3) Determine L.

1
398. Let f : [0,1] — R be a continuous function such that / f(t)dt =1, and let n
0

be a positive integer. Show that

1. there are distinct ¢, ¢, ..., ¢y in (0,1) such that
fler) + flea) + -+ flen) =,

2. there are distinct ¢1,ca,...,¢p in (0,1) such that

399. Suppose that f : [0,1] — R has a continuous second derivative with f”(z) > 0
on (0,1), and suppose that f(0) = 0. Choose a € (0,1) such that f’(a) < f(1). Show
that there is a unique b € (a, 1) such that

flay= 11

400. Let f,g be two differentiable real functions such that g(x) # 0 for all real
numbers x. Suppose that c is a real number such that

/) / ’gfe)do # 9(0) / ' @) da.

for all pairwise distinct real numbers a and b. Prove that (f/g)’(c) = 0.
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1
401. What is the minimum value of [ (f'(z))?dz over all continuously differentiable

functions f : [0,1] — R such that

/Olf(x)dxz/olx2f(x)dx:1?

402. Find all continuous functions f : [0, 00) — R such that, for all positive x,

@ (10 -1 [ o) = (70 - 2
0

403. Let g : [0,1] — R be continuous. Prove that

1
N g9(x) _
nh—lggo 2" Jo 2"+ (1 —x)" dz =Cg(1/2)

for some constant C' (independent of g), and determine the value of C.

404. Let (z5)p>0 be a sequence of complex numbers defined recursively by

1
xn+1:E(xn+xn—1 +$n_2+"‘+$n_k+1), n>k—1.

Determine limy, o0 ;.

405. Let p € N, p > 2, and the sequence (2 ),>1

1 & E—1\"
Tn = Z(kp—(k‘—l)p)<7>

k=1

for any n € N*.
a) Prove that x;, € [0,1] and zy, < 41 for any n € N*.

b) Prove that lim, oo , = 1 and calculate limj,— (nxﬁ —(n— 1)x£_1),

406. Prove that

0 00
lim % — \/g E / e_t2/2 dt | = 1
E—>O+ S °s n—1 gﬁ 2
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407. Suppose a is a given real number. Consider the real sequence {z,} given by
x1 =D, Tp+1 :x%+(1—2a)xn+a2, n>1.

Determine b for which the sequence {z,} converges, and compute the limit of the
sequence in that case.

408. Let f(x) be a function defined and continuous on [0, 1] satisfying

T 3 ..3
| repa < 220
|

for all z1,x9 € [1,2] with x; < x9. Prove that

2
/1 f(z)dx < g

409. Let f: R — R be twice continuously differentiable. Suppose that |f”(z)| < 1
for all z and that f(—1) = f/(—1) = f(1) = f/(1) = 0. What is the maximum possible
value for f(0)? Justify your answer.

410. Let ¢ : R — R be a differentiable function at the origin and satisfying ¢(0) = 0.

Evaluate
nml[ () + (f)+---+ (5)}
r—0 T 14 14 2 14 n)l’

where n is a positive integer.

411. Let f : [0,1] — R be a function of class C1([0,1]) satisfying |f'(z)| < 1 for

z € [0,1] and )
/ f(z)dx
0

/O L f(z)dz

1
< -
2

Prove that

1
n>1.

< )
= t2 £

412. Let fn, n=1,2,..., be the sequence of functions on (0, 00) defined by

1 NP
fn(x):—<1——) e’, 0<z<mn, fn(x) =0, x>n.
n n
Prove that the sequence a, = fooo fn(x)dx, n = 1,2,..., converges, and identify
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413. Let K ={f: (0,4+0) > R | fooo f4(z) dz < 1}. Evaluate

sup /OO (x)e " da.
0

feK

414. Let f : [1,00) — R be bounded and continuous. Prove that

lim /OO f)ynt™Ldt = f(1).
1

n—oo

415. Let f:[0,3] — R be continuous on [0, 3] and differentiable on (0, 3). Prove that
there exists ¢ € (0, 3) such that

416. Let f: R — R have derivatives up to second order, with f” continuous on R.
Moreover, suppose f satisfies

|f(x)] < 2024, Vz € R.

Prove that there exists x € R such that f”(z) = 0.

417. Let « be a positive real number, and let f be a continuous, decreasing function
on [0, 1], with a € (0, 1) satisfying

/0 f)dt < 3095

and f(0) = 8 > 0. Prove that the equation f(z) = 220?4 has a solution in [0, 1].

418. Let f be differentiable on [0, 1] satisfying fol f(x)dx = 0. Prove that there exists
c € (0,1) such that
1/4
3f(c) + 32 f(x)dz = 0.
0

419. Let f:[0,1] — R be a continuous function with f(1) = 0. Prove the existence
and determine the value of the limit

(1
gl_rﬁ (1——t/0 x(f(tx) —f(:E)) dx) :

t<1
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420. Let 21 = 1 and

1
Tp+1 = :L'_ (’\/ 1+.’IJ% — ].)

n

for n > 1. Show that the sequence {2"x,} converges and find its limit.

421. Let f : [a,b] — R be a differentiable function. Prove that for any positive integer
n there are numbers 7 < o < --- < ), in the interval (a,b) such that

fb) = fla) _ f'(61) + f'(62) +--- + ['(6n)

b—a n

422. Solve for real numbers:

p q

Z Z logx—% logm—,i7 =0; p,qeN\{0}
4 J

i=1 \j=1

423. If0<a<b<—then

[sinz - sin(2 ) -$in(2019z)|
/ 2019 . dz < 2019! (b — a)

424. f: R — R, f-continuous, a,b € R, a < b. Prove that:

b b
/ (8(@) + (@) de+b—a > / (F5(2) + f(@)) da

425. If 0 <a <0, f: [a,b] = (0,00), f-continuous, then:

(o) ()£ 7))

426. Suppose that f : [0,1] — R has a continuous third derivative and f(0) = f(1).

Prove that
1
/ Fl@)d* 11— o) x| <
0

where k is a positive integer.

(k — DE!(k — 1)!
Sor DT okex, @)l
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427. Let f be a twice continuously differentiable function from [0, 1] to R. Let p be
an integer greater than 1. Given that

p—1
S #k/p) = —5(£(0) + F),

k=1

1 9 .
(/0 f(m)dx) SW/O (F"(2))2 dz.

prove that

428. Let f be a continuously differentiable function on [0, 1]. Let

1
A=f(1) and B :/ x_l/Qf(a;) dx
0

Evaluate, in terms of A and B,

2 _1)\2 _1)2
([ o (5-9)(45))

429. Let f:]0,1] — R be a differentiable function with continuous derivative such
that f(1) = 0. Show that

1 1 1 2
.CL‘2 /37237 :sz X xr
4/0 |f<>|dz/0|f<>|d+(/0|f<>|d>

430. Compute each of the following limits.

(a) Let
ar +b
flz) = ot d

where a,b,c,d € R, ad — bc # 0, and f : (0,00) — (0,00). Find:

Q= lim lim (fofo--of)(z)

n—o0 | 0t .
n times

n 7
1 .
Q= lim | =72 k(%
n—oo \ 3™ \| n! 4 2k
1=1 \k=1
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Find:
=1
Q -
Z Q(p)

k=1

1 1 k+1
Q=i 6 — Y sin
nlm n° sin — n tan n5 S1n ( 0 )
1<k<i<n

431. Compute each of the following limits.

(a)

n+1
log (1 + %>
-1

e log (1 + n+‘/—)

Q=ﬁ<l' <\/k+ + Yk +3 )”)2
Vires Vitd

2n—2k:—1)
0 3 (3 ekt

k

432. Compute each of the following limits.

(a)

1
1 T2
Qp(m) =2 lim (cos kz)

x—0 1172

Find a closed form for:

)

T
=
w

~__

7




=~

3
L,

e
RS
> 3
~__
~_

Q= I 2n + 2
= 11m —_—
n—00 nd . 2n(2ntl _ p) - k+1

Q li 1 Y
= 11m
n—o0 \ \/2n — 1 2k — DA!

k

Il
—_

433. Compute each of the following limits.

(a)

| k1)
=1
nféo<nz k2 +n2) k2+2k+1+n)>

) 59 —1 logh log?5 log" 5
Qn) =1 — - — = >
(n) 750 < g+l g 2zn—2 ) s Non=z2
()
1+nh)M
Q= lim (1+n)

434. Compute each of the following limits.

(a)

2
Q- lim 1_@H k“+k+1+1
n—00 sV (k2 +1)(k2 + 2k + 2)
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- (0 )

435. Let n be a nonzero natural number and f : R — R\ {0} be a function such
that f(2014) =1 — f(2013). Let 1, x9, 3, ...,z be real numbers not equal to each

other. If
) o) ) oo fifln)
fle) 14 fl)  fl@s) - flon)
f(z1) flzo) 14+ f(z3) -+ flzn) | =0,
fe)  f@)  f@s) - L+ f(o)

prove that f is not continuous.

436. Consider the sequence (xy,) given by

Tp+ 1+ /22 + 22, +5

By = &, Tptl = 5 , n>2.
n
1 . e
Prove that the sequence vy, = E ———, n = 1is convergent and find its limit.
‘/E J—
k=1"k

437. Prove that for any sequence of nonnegative numbers (ay,),
1

lim inf (n2 (dan(l —ap_1) — 1)) < a

438. Evaluate

n—oo
b 2
1
/{_;c + }dx
g =l

in terms of a and b, where a < 0 < b and {t} denotes the fractional part of .

439. Let

1 1
AZ{fER([O,l]):/O f($)dx:3,/0 xf@)dxz?}.

1
min/ F2(2) da
0

feA

and a function for which the minimum is attained.

Find
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440. Let
A={f€C*0,1]): f(0) = f(1) =0, f'(0) = a}.

1
. " 2
py /0 (f" ()" da

and a function for which the minimum is attained.

Find

441. Does there exist a function f continuously differentiable on [0, 2] and such that
£0) = £(2) = 1, |f'(2)| < 1 for z € [0,2] and ‘fo‘z f(x) da| < 17

442. Suppose f is continuously differentiable on [a,b] and f(a) = f(b) = 0. Show that

e |7() / /(@) da.

z€[a,b]

443. Prove the following Holder inequality: If functions fy, fo, ..., fn are nonnegative
and Riemann integrable on [a,b], and positive real numbers aq, a9, ..., a, satisfy

> a5 =1, then
/Hfo" dm<H(/ fi(z )

444. Suppose that f and g are nonnegative and Riemann integrable on [a, b]. For
p # 0 let ¢ be its conjugate, that is, % + % = 1. Using the previous result, prove that

(a) if p > 1, then

b b 1/p b 1/q
/f(ﬂf)g(x)dwé (/ fp(x)dx) (/ gq(ﬂf)dﬂ?) :

(b) if p<0or0<p<1,and f,g are positive, then

b b 1/p b 1/q
/ f(z)g(x) dz > (/ fP(x) dx) (/ g (x) dx) :

445. Assume that f1, fa,..., fn are nonnegative and Riemann integrable on [a, b].

(a) If k£ > 1, then

b b b
/<f1<x>+---+fn<x>>kdxz/ ff(x)dx+---+/ 7¥(@) da
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(b) If 0 < k < 1, then

b b b
/(f1(x)+~~-+fn(x))kd:c§/ f{“(x)d:c+~--+/ IF2) da.

446. Prove the following inequality: If ¢ is Riemann integrable on [a,b] and 0 <
g(x) <1 for every x € [a,b], and f decreases on that interval, then

b b a+A
RCrE / )o@ dz < / f(@) de,

)\:/abg(x)dx.

where

447. Prove the following Bellman generalization of Steffensen’s inequality: If g is
Riemann integrable on [0, 1] and 0 < g(z) < 1 for every = € [0, 1], and f is nonnegative
and decreasing on that interval, then for p > 1

1 p A
( /O f<x>g<x>dx) < /0 (F(a))P da,
1 p
Az(/o g(x)d:v) :

where

448. Prove the following generalization of Jensen’s inequality: Suppose that f and p

are Riemann integrable on [a,b], m < f(z) < M, p(z) > 0 and f; p(x)dx > 0. If p is
continuous and convex on [m, M|, then

b b
@ (W / p(z)f(z) dx) < m / p(x)o(f(z)) dz.

449. Let f be Riemann integrable on [0,1] and |f(x)| < 1, z € [0,1]. Show that

2

/01 1f2(x)d.7c<\/1 (/Olf(a:)dx) :

450. Let f be nonnegative and monotone on [0, 1], and let a,b > 0.
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(a) If f is decreasing, prove that

C(e=h Y [ ' (1a+b )2
(1 <a+b—i—1> )/0 x f(x)dx/o x f(x)dx > /01' flz)dx ) .

(b) If f is increasing, prove the reverse inequality

C(amb Y [ e g (1a+b )
(1 (a+b+1> >/0 73 f(a:)dm/o P f(x)de < /Ox f(z)dx

2

451. Let f be continuous on [a,b] and put f(z) = 0 for = ¢ [a,b]. For h > 0, we
define f;, by setting

x+h
o =g [ s

z—h

/a @) de < / @) da

Show that

452. Prove the Minkowski inequality for integrals. Assume that fi, fa,..., fy are
nonnegative and Riemann integrable on [a, b].

(a) If k£ > 1, then

; 1/k
(/ (fi(x) + -+ faulz)" dw)
b 1/k b
s(/ ff(w)dx) +---+</ fff(x)dcc)

(b) If 0 < k < 1 and f, g are positive, then

b
(/ (fr(@) + - + fu(@)" dx)
b 1/k b
></ ff(x)dx) +---+</ fﬁ(x)dx>

1/k

1/k

1/k
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453. Use the Steffensen inequality to prove that if f is continuously differentiable on
[a,b] and m < f'(x) < M (m < M) for € [a,b], then

(M —m)\?2 _ f(b) — f(a) (M —m)(b—a—\)?
6—a2 = b=a =M~ b—a)p !

m +

where

454. Prove that if f is continuously differentiable on [a,b] and m < f'(z) < M
(m < M) for x € [a,b], then

< () = fla) =m(b—a))(M(®—a) - f(b) + f(a))
- 2(M —m) '

455. Prove the following Opial inequality: If f is continuously differentiable on [0, al

and f(0) = 0, then
[ s < [ aPa
0

456. Prove the following generalization of Opial’s inequality. If f € C"([0, a]) is such
that f(0) = f/(0) =--- = f(=1(0) =0, n > 1, then

/ ) D @) de < & / (0 ()2
0 2 Jo

457. Prove this generalization of Opial’s inequality. If f is continuously differentiable
on [0,a], f(0) =0 and p > 0,q > 1, then

/ @ P @)
0

'(z)|PTe da.

458. Suppose f € C2*([a,b]) is such that f*)(a) = fE)(B) = 0 for k =0, 1, ..
Prove that if M = max, [, |f (2n) ()|, then

n—1.

°

) (b )2n—|—1
2n)!(2n + 1)!
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459. Let function f(z) be defined on R and be infinitely differentiable. Given that
f(0) = f(101) # f(1) and for any x it holds true

(@) +3f" (@) f(z) + (f'())* = 0.
Find the value of the following expression

I+ @) +--- + 1/ (100)]
[F DI+ 1f )]+ -+ [F(50)]

460. Let f: (0,+00) — R and f(2) # 0. Given that for any positive numbers z, y it
holds true

_ a2 (2.
zf(z) —yf(y) yf(y)

4
Find ﬁ
f2)
461. Let _
n4sinn
<[n + sinn] ) {ntsinn}
Tp=|——F— :
n—+sinn
Evaluate the following expression
e lim xzj,
n—oo

where [z] is the integer part and {z} is the fractional part of a real number z.

462. Evaluate the expression

lim (sin(sin(sin 22 4+ 1)) — sin(sin(sin x))) :

Tr—r+00

463. Let f, : [0,1] — [0,00) be a continuous function, for n = 1,2, .... Suppose that
one has

) f1@) > fal@) > fa(@) >+ forall z e [0,1]
Let f(z) = limp—o00 fn(z) and M = supg<, < f().
1. Prove that there exists ¢ € [0, 1] with f(t) = M.

2. Show by example that the conclusion of Part 1 need not hold if instead of (x)
we merely know that for each = € [0, 1] there exists n; such that for all n > n,

one has fp(z) > frr1(2).
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464. Let £ > 0 be an integer and define a sequence of maps

zk

For which values of k does the sequence converge uniformly on R? On every bounded
subset of R?

465. Let f : [0,1] — R be continuous and k € N. Prove that there is a real polynomial
P(z) of degree < k which minimizes (for all such polynomials)

sup |f(z) — P(z)|.
0<z<1

466. For each positive integer n, define f,, : R — R by f,,(z) = cosnz. Prove that
the sequence of functions { f} has no uniformly convergent subsequence.

467. Let 0 < a < 1 be given. Determine all nonnegative continuous functions f on
[0, 1] which satisfy the following three conditions:

1 1 1
/ f(z)dx =1, / xf(z)dr = a, / 22 f(z) dz = a>.
0 0 0

468. Let f be a differentiable function on [0, 1] and let

sup |f'(z)] = M < oo.
O<z<1

Let n be a positive integer. Prove that

n—1 . 1
$ f(i/n) M

469. Let f :[0,00) — R be a uniformly continuous function with the property that

. b
s [

exists (as a finite limit). Show that

lim f(x)=0.

T—00
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470. Let f be a real valued continuous function on [0, c0) such that

i (f(x) . /0 " r dt)

lim f(x)=0.

T—00

exists. Prove that

471. Let f: R4 — R4 be a monotone decreasing function, defined on the positive
real numbers with

/Ooof(x)dx< 0.

Show that
lim zf(z)=0.

T—00

472. Let f be a continuous real valued function satisfying f(x) > 0, for all x, and

/Ooof(x)d:c< 0.

Prove that |
— / zf(z)dr — 0
0

n
as n — .

473. Suppose f: R — R is a function given by

1 if z =1,
D=0 4 @ - 126in (L) a1,

(a) Find f/(1).

100
: k
(b) Evaluate ulggo [1001@ — U kg_l f (1 + 5)

474. Let f : R — R be a function which is differentiable at 0. Define another function
g: R — R as follows:

. 1) .
x)sin (=) if z #£0,
sy~ {T@n (3) itz s
0 if x =0.
Suppose that g is also differentiable at 0. Prove that
g'(0) = f/(0) = f(0) = g(0) = 0.
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475. Let P(x) be a polynomial with real coefficients. Let a1, ...,y be the distinct
real roots of P(z) = 0. If P/ is the derivative of P, show that for each i = 1,2,...,k,

i @= )P (@)

voa;  P(x) Y

for some positive integer r;.

476. Let f and g be nonnegative continuous functions on [0, 1] with f(0) = ¢(0) = 0,
and let A : [0,1] — R be nondecreasing. Suppose that f is convex and ¢ is concave.

o @i [ @@z [ i [ @)
o= R

1
477. Let ag = 3 and ay be defined inductively by

/1 _
an = %, nZl

(a) Show that for n =0,1,2,..., ap = cos By, for some 0 < 0, < g, and determine
B

(b) Using (a) or otherwise, calculate lim 4"™(1 — ay,).
n—oo

478. For a function f suppose that f/, f”/ and f"”" exist.

(a) Must the following limit exist? Justify your answer and if the limit exists,

calculate it. )
lim (n/ " f(x) dx) .
n—oo O

(b) Suppose the following limit is a real number a. Calculate f(1).

1
lim <n2/ " f(x) d$).
n—0o0 0

479. Let a be a positive real number, and let S, be the set of functions f : [—a,a] — R
such that ffa(f(:v))2 dxr = 1. Let

A= [ tdn  BO= [ a@w o= [ Aed

(a) What is sup{ A(f)% + B(f)?: f € Sq}?
(b) What is sup{A(f)% + B(f)2 + C(f)?: f € S4}?
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480. Let f be a twice differentiable function from [0, 1] to R with f” continuous on

[0,1] and f1/3 z)dx = 0. Prove

2
4860 (/Olf(a:) dx) < 11/()1(f"(x))2dx.

481 Let f be twice continuously differentiable on [0, 7] with f(0) = f(7) = 0. Let
= > 70 apsinkz and Sp(z) = > }_; ag sinkz. Show that, for every n € N,

" 2 l 7T// 2
| 6@ -suappa < o 1@

482. Let f be a nonnegative, continuous, concave function on [0, 1] with f(0) = 1.

Prove that X
2p — 1 2
* 8p+4 = (folf(x)dx> )

(Seiffert’s extension: for any p > 0, (p + 1) fol 2P f () dz

483. Let n be a natural number and let f be a continuous function from [0, 1] to R
such that fol 2 1(z) de = 0. Prove that

(2n+1 2”+1 ( ) ! 247 g
B /f SAUU)w

484. Let f be a real-valued function on [0, 1] such that f and its first two derivatives
are continuous. Prove that if f(1/2) = 0, then

1 1 2
" 9B 2 a5 9 a5
A(f(»t123%<é.ﬂ)d>

485. Let f be continuously differentiable on [0, 1], with f(1/2) =0 and f()(0) =0
when ¢ is even and less than n. Prove

1 2 1 1
x) dx (n)
(A‘”>d> S@n+nwwm24<f
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486. Suppose f : [0,1] — R is a differentiable function with continuous derivative
and with fol f(z)dx = fol xf(z)dx = 1. Prove that

/ P> ()

487. Let k be a positive integer with £ > 2, and let f : [0,1] — R be a function
with continuous k-th derivative. Suppose f (k) (x) > 0 for all x € [0, 1], and suppose
f(’)(()) =0forallie {0,1,...,k —2}. Prove

1 3 1
/Omk_lf(l_x)de%/o f(z) dz.

488. Let f : R — R be a function such that f/(0) exists. Suppose ay, # By for all n €
f(Bn) — flan)

N and both sequences {ay,} and {8,} converge to zero. Define Dy, = 5
n — On

Prove that lim, 00 Dy, = f(0) under each of the following conditions:
(a) ap <0< By, Vn e N.
Bn

n — On

(b) 0 < ap < By and

< M, Vn € N, for some M > 0.

(c) f'(z) exists and is continuous for all z € (—1,1).

489. Let a be a real number. Prove that there is no positive continuous function
f:]0,1] — R such that

1 1 1
/ flz)dx =1, / zf(z)dr = «a, / $2f(3:)dx:a2.
0 0 0

1
490. Let f be a continuous function on [0, 1]. Prove that (n + 1)/ 2" f(x)dx is in
0
the range of f.

491. Let f : R — R be a differentiable function such that Vz € R, we have
f(2)? + f'(x)? # 0. Show that for every bounded subset E of R, f has at most a
finite number of zeros in E.
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492. Let f be a real continuous function with nonnegative values on the closed interval
[0, 1]. Set
1/n

1
n ( / (f(:v>)”d:v> M= sw f@)
0 0<z<1

(a) Assuming that 0 < & < 1, prove that there exist numbers o, S with 0 < o < f < 1
such that M (1 —¢) < f(z) < M for all z in the open interval («, 3).

(b) Prove that limy—s 400 up = M.

Evaluate

1

D = inf < sup |1 — f(t)] +/ 11 —f(t)|dt) )
feF \o<t<1 0

where F is the vector space of all continuous functions from [0, 1] into R whose

elements take the value zero at zero. Describe the geometric interpretation of the

number D.

493. Let f:[0,a] — R be a continuous and positive function. Prove that

(1) ([, )=+

494. Let fi(x) be the inverse hyperbolic sine of z, and for n > 2, let f,(z) =
f1(fn_1(x)). For b > 0, evaluate

Jim_v/n fo(b//n).

495. Find
2026
/ it
0

where f: RT — R™T is a continuous function satisfying

f (/I ttdt> — /x(f(t))f(t) dt  forall z € RT.
0 0

496. Let f be a real-valued function on [0, 1] with continuous and non-negative fifth

derivative such that ) .
/ f(x)dx:/ 20 f(z) dz = 0.
0 0

1 1
/ (5623 + 32) f () dz > / (632 + 2122) f (z) da.
0 0

Find all the functions that give equality in the above inequality.

Prove that
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497. Let the sequence (up) be defined by ug > 0 and u,11 = Jup + 7 n =
n
0,1,2,.... Find lim u,,.
498. Let (xy) be defined by 21 = 2, x9 = 3 and for all n > 2,
~n+1 i n—2 i 1
Tntl = T T Ty, 1T g
Prove that (x;,) has a finite limit and find it.
L isfy up = _2 L2 ; = P h
499. Let (uy) satisfy up =1, ug = 3> Un+2 < JUn+1 + Zun = 1,2,.... Prove that
(up) has a limit and find it.
4 n
— 1 1
500. Let (xy,) be defined by z1 = 2, 41 = M Prove that vy, = Z —
x5 —Tp +1 — i

has a limit and compute it.

501. Let (zy) be defined by 1 = 2, Tpy1 =1+ x129 -2, fOr all n > 1. Compute
n
1
lim —
T
=i

502. Let (xp) be defined by 1 = 1, 541 = v/zn(zn + 1)(zn + 2)(zn + 3) + 1, for
1
xk4—2'

n
all n > 1. Compute lim Z
k=1

503. Let (zy) be defined by x1 =5, 41 = x% — 2, for all n > 1. Compute

1 1 1
limL and lim<——|— +~--—|——).
MO I ) X1 1T T1T2 T

504.

1) Find the general term of (uy) given that u; = 2, ugp = 8, up41 = 4up — up—1
foralln >1,n e N.

2 2

. .z
2) Using the result above, prove that the equation +y
xry

= 4 has infinitely many

positive integer solutions.
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505. Let (uy) be defined by uy = 2, up41 = tn , for all n € N*.
2up + 5

1) Prove that (uy) is decreasing.

2) Find the general formula for u,.

506. Let n be a positive integer and let x;, be the unique positive root of the polynomial
12

GallE) = 0 4= 37 = —. Prove that the sequence (yn) defined by y,, = n(nxy — 2) has
n

a limit, and find it.

2017

(a2
2018 (2% +

507. Let a be a real number and let (z,) be defined by x1 = a; xy, 41 =
15) — 9 for all n > 1. Prove that (x;) has a finite limit as n — +o0.

139
508. Let (up) be defined by u; = 017 U2 (2 — i) = 2upi1(2 — Buy), for all
n > 1. Let " Y "
p— 1 2 . .. n
Un_l—u1+1—u2+ +1—un'
Find lim vy,.
509.

a) Let ¢ € (0,1) and let {un}p>1 satisfy |upt2 — upt1| < qlups+1 — up| for all
n > 1. Prove that {u,} has a finite limit.

b) Let {vp},>1 be defined by 0 < vy # 1 and v,41 = 2_3 , for all n > 1. Prove

that {vp,} has a finite limit and find lim vy,.

Un

5 2
510. Consider the sequence (zy,) defined by 21 = 7 and Ty = nta +z, — =2 for
all n =1,2,3,.... Prove that (z,) has a finite limit as n — +o0 and find it in the
following cases:

1) a=0.
1
2) a=-.
)a=3
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511. Let (xy,) be defined by zg = 2017; z, = ——— » xj, for n > 1. Find the limit
n
k=0
2017
n? Z 2kxk +5
L = lim —+=0

—2018n2 +4n — 3

512. Find the general term of (uy) given

1
Ul = o ug = 673,

2(n + 2)%up 11 — (03 4 4n? + 5n + 2)uy,
n+3

Upt2 = , neN, n>1.

513. Let g € (0,1) be a real number. Consider two sequences (ay,), (by) defined by
a1 =1, ap+1 = V2 +an and by = apg™ + an+1q”_1 + .-+ ag, for every positive
integer n. Prove that

1) an < apyq for every positive integer n.

2
2) (bp) has a finite limit equal to ]

514. Let (zy) be defined by 1 =a > 0; 41 = xn + ﬁ, n=123,....

Tn
1) Prove that x,, > n for all n > 2.
2) Prove that (a:_n) has a finite limit and find it.
n
4uy, + 3
515. Let (up);2; be defined by uy = 1; 41 = T2 for all n > 1. Prove that
Un,

(un)p2q converges and find the limit.

2+ \/uZ + 2up +4
Un

516. Let (up) be defined by u; > 0, upq11 =
1,2,3,.... Prove that (uy,) has a finite limit and find it.

, for all n =

517. Let the real sequence (xy,) be defined by zg = 1, 1 = 5, 241 = 62y — Tp—1
(n >1; n € N). Find lim 2, {v/2z,}, where {a} = a — [a] denotes the fractional part
of a.

93




/12 +6
518. Let (zy,) be defined by 29 =1, 1 =5, 2519 = Tntlt 3 T , for all n > 0.
Prove that (z;) has a finite limit and find it.

519. Let (uy) be defined by uy = 3, u%+1 —3upy1(upt1 —1) = up+1, for all n € N*,
Prove that (uy) has a finite limit.

520. Let (25,) be defined by z1 = 2017, 2,41 = V3 + Z—n, (n € N*). Prove
it — 1l
that (zy) has a limit and find it.

AR
521. Let (zy) be defined by x1 =4; xp,41 = JL, for all n € N*.
Ty — Tn +
1) Prove that lim x;, = +o0.
n
2) For each positive integer n, let y, = Z Y Find lim y,.
=1 Tk T
522. Let (z), n=1,2,3,..., be defined by
2 2 2
r1=a>1, xn+1:xn [x{]gn}, nEN*,
n

where [z] is the integer part of x and {x} is the fractional part of .
1) For a = 2017, prove that (z,) has a finite limit and find it.

2) Prove that (zy) has a finite limit for all @ > 1 and find it.

10
523. Let (xy) be defined by 1 = 1; 2,11 = % + xp,. For a positive integer
n, let
(@25 -1)°  (229-1)° (233 -1)° (2z5, — 1)°
T 2w —1 213 — 1 24 —1 | 2mpa1—1

Find lim u,,.

524. Let (xy,) satisfy ©1 = 3, 29 = 7, 42 = x721+1 — 22 + x;, for all n € N*. Let
n

1
Yn = Z —. Prove that (y,) has a limit and find it.
k=1 Tk

94




2
525. Let (uy) be defined by u; = 2016, uy41 = - in , for all n > 1.
u

n

1) Prove that (uy) is decreasing.

2) Find the integer part of ujgg-

526. Let a > 2 be a real number and let (uy,) be defined by u; = a; up41 =

1
;n * 3 = 1,2,.... Prove that (uy) has a finite limit, and find it.
u'n -

Up + In

527. Let the real sequence (z,) be defined by 21 = 3 and z,, 11 = \/21 + /22, + 6
for n =1,2,.... Prove that (x;,) has a finite limit. Find it.

528. For each positive integer n, consider the function f;,, on R defined by f,(z) =
L SRR RPN LS

1) Prove that f;, attains its minimum value at a unique point.

2) Let sy, be the minimum value of f,,. Prove that (s;) has a finite limit.

T forall n € N. Find

529. Let (x,) be defined by zg > 0; zp11 =
1l = g5

530. Find all a for which (uy) converges, given u; = a and

Up+1 = § —1 if —1#£wu, <0 Vn € N.
ul 4 duy + 2 if upy < —1

531. Let a be a real number with 0 < a < 2. Consider the sequence (ap),>0 defined

1+ /2a2 +1

Qn,

by ag = a and a,41 = for all n € N. Prove that (ay),>0 has a finite

limit and find it.

532. Let a be a real number and let (x;,) be defined by z,, = 2016n + av/n3 + 1, for
alln=1,2,....

1) Find a so that (xj,) has a finite limit.

2) Find a so that (z),) is eventually increasing.
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533. Let a,b be positive integers. Consider (uy) defined by u, = a?n? + bn, for
n=1,2,.... Compute limy—oo{/tn}, where {} denotes the fractional part of the
real number x.

3 2
534. Consider (up,) defined by uy =1, ug = =, up42 = M, n > 1. Prove that

2 Up + 2
(up) has a finite limit and find it.

535. Let (ay) have a; € R and a,4+1 = |an — 2177 for all n € N*. Find lim a,,.

536. For n € N* let A, be the set of numbers with decimal representation
0.a1ag...ap, where a, = 1 and each a; € {0,1} for i = 1,2,...,n — 1. Let zy,
be the number of elements of A, and v, the sum of the elements of A,,.

a) Find a formula for z, in terms of n.

b) Compute limy, 5400 Loy

n

’ 537. For f € C3([0,1]) with f/(0) = f/(1) = 0, f” > 0 on (0,1), prove there is ‘
exactly one ¢ € (0,1) with f(c) — f(0) = cf’(c) and f"(c) > 0.

538. For monotone decreasing fp : [0,1] — [0,1] and A,, defined recursively by
1 Ap_ 1
Ar= [y f1, A= [ "7 fu, prove [§ fifac - fao2a < Agpaa.

539. Let f:[0,1] — [0,00) be a differentiable function such that f/(x) is decreasing,
f(0) =0, and f/(1) > 0. Prove that the following inequality holds:

Lo £(1)
/o @1 Y= Py

Can equality be achieved?

540. Let f € L?(0,00) and f” € L?(0,00). Prove that f' € L?(0, 00) and

0 2 0 0
"(2)|2 dx z)|% dx ") |2 de.
(/0 /(@) >§4/0 7@) /0|f()|

541. Let f :[0,1] — R be a continuous function satisfying

/Olsvzf(x)dac:(), /Olf(x)d:v:O.
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Find the smallest constant A\ such that

/01 v f(z) do

< Axrél[%ﬁ] f(@)].

542. Let n be a positive integer and let f : [0,1] — R be a continuous function such
that

1
/ a¥f(z)dz =1 for every k € {0,1,...,n— 1}.
0

Prove that

1
/ (f(&))2do = n.
0

543. Let f(x) be a differentiable function on [0, 1] with f(0) = 0 and f(1) = 1. Show

that for arbitrary positive real numbers aj, ag there always exist distinct real numbers
x1,x9 € [0, 1] such that
ai a2

) Flaz)

al + a9 =

544. Calculate

. N\ e
i (2350 (2))

n=1

545. Let a be a positive real number and f be a nonnegative function on [0, 1] such

that
1

1
/(f(t))o‘dtZ/ t*dt forall 0 <z < 1.
x

T

Prove that

1 1 1
a—i—ﬁd o ﬁd OH_’BCZ
/ (f(®)) tz/ (f()*t tz/o 1B gy

0 0
for every positive real [.

546. Let f : [a,b] — R be an n times continuously differentiable function on (a, b),
and let ay,a9,...,ap+1 be n + 1 distinct numbers in (a, b). Prove that there exists ¢
in (a,b) such that

n+1 -
Z f(aj) H (aj — &i)_l = f(n)'(c)'
Jj=1 1<i<n+1 ’

i#j
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547. Let f :]0,1] — R be a differentiable and continuous function such that f(0) =0
and f(1) = 1. Prove that

1 , 1
/0 (@) = af (@)l do > .

548. A function f is differentiable on [0,2] and f(0) =0, f(1) =2, f(2) = 1. Prove
that f/(¢) = 0 for some c in (0,2).

549. Let f:]0,1] — R be a continuous function on [0, 1].

(a) Prove that there exists a point ¢ € (0,1) such that

/Olfdxzf(c)-

(b) Prove that there exist two distinct points a,b € (0, 1) such that

1 2
( /0 fdx) — Fa)f (D)

(¢) Given a natural number n > 3, does there exist n distinct points a; € (0, 1),
1 <1 < n, such that

n

1
( /0 fd:v) — fan)f(az)- - Flan)?

If the answer is “yes,” prove it; if the answer is “no,” give a counterexample for
¥ g
some value of n for which the claim fails.)

550. Let f :[0,1] — [0,1] be a continuous function (not necessarily differentiable)
such that f(f(z)) =1 for all x € [0, 1]. Prove that

1
/0 f(z)dx > %

551. Let f: [0,1] — R be continuously differentiable with f(0) = 0 and 0 < f(z) < 1.

Prove that X ) '
</0 f<>d) z/om)]d
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552. Let (uy) be defined by u; = 3, ug = 7, and

U — U
Un — Up—1

Compute

) 1 1 1 1
L= lim = 4 + qroceqp =—n—ow— || |
n——+o0 \ Uq ULu ULuU2U3 ULuUg * * * Unp

553. Let (zy,) satisfy 1 = 1 and

1++/1+22 -z,

Tp+1 = 9 Vn € N*.
1++/1+22 + 2y
Prove that (x;,) has a finite limit and find it.
554. Let a be a real number and (uy) be defined by
3 3
3 1 (O 2uy, +a
UI_Z’ UQ:§, Un+2 = - 4 SN =R 2 S

Find the largest value of a for which (uy) has a finite limit, and in that case find
lim wy,.

555. Let (uy,) satisfy u; = 16 and

15(nuy, + 1)
4=——-—" vn € N*,
Un+l ¥ n+1 "
Compute
— 1)+ 14"
L= lim n(tn )+

n—-+o00 2024 - 157

556. Let (uy,) satisfy u; = 2026 and

up (u2 + 3)

5 , Vn > 1.
duyp + 1

Up41 =

Prove that (uy) has a finite limit and find it.

557. Let (ap) satisfy |am+n — am — ap| < 1 for all m,n € N*. Prove that (a_n>
converges. "
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558. Let (zy,) satisfy

1 =1, Zpt1—Tnt1 =Tn+Tn+ n=12 ...

n+4’

x
Prove that y,, = —Z has a limit, and find it.
n

559. Let f(n) = (n2 4+ n+ 1)? + 1. Consider the sequence

fW)FB)---f2n—1)
f@)f(4)---f(2n)

Un =

Compute lim n Yuy,.

560. Let (uy,) be an infinite decreasing geometric sequence with positive ratio satisfying
1 us — U 5
ug = g and 0L = 1 Let (vy,) be defined by v, = u2. Compute the sum of all
uz —ui

terms of (vy,).

561. Let a € (0,1) be a real number, and let (up) be defined by u; = 1 and

Uni1 = Vaud +a— 1, Vn € N*.

(a) Let (vyp) be defined by v, = u3 + 1. Prove that (vy) is an infinite decreasing
geometric sequence.

(b) Find all values of a for which lim (u‘I’ + u% Ul n) =4.

562. Let (uy,) satisfy u1 = 0 and up41 = up +4n + 3, Vn > 1. Compute

lim VUun + /Uan + U2, + 0+ /U42026n.
Vun + /uon + SUs2, + -+ [U52026,,

563. Let (up) satisfy uj = 5, up41 = u20?0 — 302025 4 4.

(a) Prove that lim w, = +oc.
n—+00

(b) For each positive integer n, let

1
(u%OQE’ = 1)(u§025 4+ 1) -+ (u2025 4 1)

Un =

Compute lim wvy,.
n—+00
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564. Let (up) satisfy uy = 2026, w41 = u20%7 4+ 202602026 + u,,.

(a) Prove that lim w, = +o00.
n—+00

(b) Compute

u2026 u2026 2026

. 1 2 Up,

lim —+ + et —1].
(uQ +2026 ' ug + 2026 Upt1 + 2026)

565. Let (uy) be defined by u; = —2026, u,41 = up — 2026. Compute

1 1
lim +
(Ul\/—u2+u2\/—’u1 U9/ —U3 + U3/ —u9

1
4+t .
Uny/—Up41 + Up41V _Un>

566. Let (ap), (by) be defined by

2015 4+ 2016
al = +, by = +/2016a7,

a1 + b1
as = 5 ,bQZ\/agbl,...
ap—1 + by
an = % by, = /anbn_1.

Compute lim b, and lim a,.

567. Let (uy) be defined by u; = 6 and

2 2
-1
sy = un+n(u7;1 )+n | vn > 1.

: (1 1 1)
lim| —+—+---4+—].
Ul U9 U,

Compute

568. Let (uy) be defined by u; = 1 and
Un

——— Vn € N*.
nu2 + 1

Un+1 =

(a) Find the general term of (uy,).

(b) Let [x] denote the integer part of x and {z} = = — [z] its fractional part. For
each positive integer n, let x,, = nuy,. Compute lirJIrl {zn}.
n—-+0oo
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569. Let (uy) be a geometric sequence with first term u; = 1 and common ratio
q = 3. Prove that
1 1 1 2
+ R e ——
Uz —ul o Ug— U2 U2026 — U2024 3

570. Let (ap) be defined by a1 =3, ag =7, apy2 =3ap+1 —ap, n=1,2,...

2 2 2
a a 142
(a) Prove that 71+7—§+---+67Z—Z <=3 Vn € N*.
(b) Let b, = + Iz o 00 4F , ¥n € N*. Prove that (by,) has a finite
ajay  aag anan+1

limit and find it.

571. Suppose 0 < a < 7/2. Let (up), n=1,2,3,..., be defined by u; > 0 and

2002 cos? a

Up4+1 = Un sin? a + 5
Uup tan® a

. n=123...

Prove that (uy) has a limit as n — +o0 and find it.

572. Let fn(z), n=0,1,2,..., be a sequence of functions satisfying:
(i) fn(z):(0,400) = (0,+00), n=0,1,2,...
(ii) fo(z) =z, Vz € (0,400)

(iii) frpi1(x) = V22 + 6fn(x), Vo € (0,+00), Vn > 0.

(a) Prove that for each n = 1,2, ... there exists a unique z,, > 0 satisfying fp,(zp) =
2%,

(b) Prove that (x;) has a finite limit and find it.

573. Prove that there is no function ¢(t) satisfying both of the following conditions:
e ©(t) is bounded on [0, 2];

o o(t+h)>1+2he%(t) for all t,h > 0 with ¢t + h < 2.

574. Find all functions f(z) defined and twice differentiable on (0, +00) satisfying
f(z) >0 and f(f'(z)) = —f(x) for all x € (0, +00).
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575. Let f(z) be twice continuously differentiable on (0, 00) and satisfy lim xf(z) =0

T—00
and lim zf”(z) = 0. Compute lim zf’(x).
T—r00 T—00

576. Find all continuously differentiable functions f(z) on R satisfying |f(x)| < 2
and f(z)f'(z) > sinz for all z € R.

577. Let {zp} be defined by 1 =1, x;, = a®»—1 (a > 0). Find the largest value of a
for which {z,,} has a limit.

578. Let {x,} be bounded and satisfy lgn (xp+1 — xp) = 0. Can we conclude that
n—odo

{zn} converges?

579. Let f,g:[0,1] — [0, 1] be continuous, with f increasing. Prove that

/ o)) d < / (@) + g(@)) da

580. Let z1 =a € (0,1) and zp,+1 = In(zp, +1). Find lim nay,.
n——+00

581. Let f(x) be twice differentiable on [a,b] with f”(x) > 0 and f(x) > 0 on [a, b].

Prove that .
L/ f(2)dz > f(a+b>.
—a ),

582. Let f(z) be defined and increasing on all of R. Suppose f(z) — z is periodic
and there exists xg with f(zg) = zg. Let

N(x) = f(z), faolz) = f(f(2)), f3(2) = f(fa(2)), -, fulz) = f(fa-1(2)).

Compute lim fn(2) .
n—o0 n

583. Let P(x) € Ry [x] be a polynomial of degree n > 1 satisfying P(x) > 0 for all
xz € R. Prove that for all z € R,

> Pi() >0
=0
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584. Let V be the class of functions f(x) continuous on [0, 1], differentiable on (0, 1),
satisfying f(0) = 0, f(1) = 1. Find all constants o € R with the property that for
every f € V there exists £ € (0, 1) such that

f(€) = 2025f(€) + .

585. Let f(x) be continuously differentiable on [a,b] satisfying f(a) = f(b) = 0.
Prove that

b
o [7(@) > =g [ 1f(@)ld

x€la,b]

f()

586. Find all functions f(x) satisfying 70) = ¢ and

1 1
/0 (f<df>>2 * /O (f'(2))* d < 2.

587. Let f : [a,b] — R be a differentiable function satisfying f(a) = 0 and 0 <
f'(z) <1 for all x € [a,b]. Prove that

o 2
gf?’(;,;)g(/a \/f(t)dt) : a<z<hb,

b b 3
4/a fl(z)dr <3 (/a f(z) dx)

and

588. Let f be a continuous function on [0, 1] such that f(0) = 0. Prove that

1
lim / az® 1 f(z) dz = 0.
0

a—0T1

589. Let n € Z7T such that n < €7 Let (fi(x), fa(2),..., fu(x)) and
(91(2), g2(2), ..., gn(x)) be permutations of (z,z2,...,2"). Is it possible that

1
/0 [2f1(x) + 2* fox) + - + 2" fu(2)] da

1
> 2024/ [xgl(x) + 22go(z) + - + x”gn(a:)} dx ?
0
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590. If f : [a,b] — (0,00), where 0 < a < b, is a continuous increasing function, then

b b b b .
(/a xf(x)dx) (/a f2(x)dx> (/a xSf(a:)dx> > (/a f(a:)dx) .

a?b?
b—a

591. Let f,g:[0,1] — (0,00) be two distinct continuous functions correlated by the
equality fol f(z)dx = fol g(z) dz, and define the sequence (zy),>0 as

M @)
= | Gl

(a) Show that lim z, = oc.
n—oo

(b) Demonstrate that the sequence (z),>( is monotone.

592. Find all pairs of twice differentiable functions f, g : R — R, with their second
derivative being continuous, such that the following holds for all z,y € R:

(f(@) = g@)(f' (=) = d W) (" (@) — ¢"(y)) = 0.

593. Let a real-valued sequence {xy},>1 be such that

lim nz, = 0.
n—od

Find all possible real values of ¢ such that l;m zn(logn)t = 0.
n—odo

594. For a given integer n > 1, let f : [0,1] — R be a non-decreasing function. Prove
that

/01 fl@)dz < (n+1) /le”f@) dz.

Find all non-decreasing continuous functions for which equality holds.

595. We define the sequence (xy,)pen by 9 = @, 1 = b and

1 1
Tntl = 5 | Tn-1 + R
n

Show that if the sequence (zy,) is periodic (i.e., 37 € N*, z), .7 = x5,), then ab = 1.
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596. Let f :[0,1] — R be a continuous function satisfying fol f(z)dx = 1. Evaluate

1

Tl g (g _
nlgrolo Tl 2" f(2")In(1 — z) dx.

597. Let f be a real-valued function on [0, 1] with a continuous second derivative.
Assume that f(0) =0, f/(0) =1, f”(0) #0 and 0 < f/(x) < 1 for all z € (0, 1]. Let
1,29, ... be a sequence with 0 < 7 < 1 and with

xn:f<x1+x2—|-~-+xn_1) for n > 2.
n—1
Prove that 5

lim zplnn=————.

n—00 f (0)

598. Suppose that f: [0, 1] — R has a continuous and nonnegative third derivative,
and suppose fol f(z)dz = 0. Prove

1 1 1
10/ :U3f(x)dx+6/ a:f(:r)delE)/ 22 f(z) da.
0 0 0

599. If n € Nand n > 2, also f : [1,n] — (0,00) and f is integrable and i €
{1,...,n— 1}, and let

n i+1 i+1
Q= / f(x)dz,  0<a<min (/ f(z) da;) < max (/ f(z) d:c) < B,
1 1 7 1 i

then prove that

2

n-1 i+1
(n—1ap+ Y (/ f(x) dm) < (a+B)Q.

600. If a > 0, f : [0,a] = R, f'(a) = f(a) =0 and f € C%([0,a]), f', f"" € C*([0,qa)),
then prove that

60 ( INE dx)4 < ( / a(f’<x>>2dx) ( / a(f”(x))de) |

601. Let ag > 0, and define a sequence by ay,4+1 = agay - - - ap +4 for all n > 0. Prove
that for every n > 1,

an — V(apns1 +1)(@2 +1) —4=1.
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602. A sequence (ap)p>0 of real numbers satisfies ag = 1 and

Qn
a = n > 0.
n+1 nQCLn + CL% T 17 =

Find lim n3an.
n—oo

603. Let (an)p>1 be an increasing sequence of positive real numbers with
limy, o0 4y, = 00, and suppose the sequence of consecutive differences (ap4+1 — an)p>1
is monotone. Compute

. aytag+---+ap
lim .

n—oo n+/Qn

604. Let a, b, ¢ be positive real numbers with b2 > 4ac. Suppose a sequence (An)n>0
satisfies A\g > 0 and cA; > bAg, and define a related sequence (up)p>0 by

ug = cAg, up = cA1 — b, Up = a9 —bA\p_1+chp (n>2).

Prove that if u, > 0 for every n > 0, then \,, > 0 for every n > 0.

605. Let 0 < a < 2, and define a sequence (ap)p>1 by a; = a and

ant1 = 2" — /2(2" — ap), n > 1.

o0
Compute Z a2,
n=1

606. Let (z5),>1 be a monotone sequence of real numbers, and let @ € (—1,0). Find

lim (a:lan_l + 290" 2+ 42, _1a+ xn) .

n—oo

607. Compute lgn ay, for the sequence defined by a1 = 1, ao = 2, and for every
n—,oo

positive integer k,

agk—1 + a9k

agk+1 = — 9 A2k+2 = A/ A2k A2k 41-
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608. Let p, g be real numbers with p > 0 and ¢ > —p2/4. Define Uy =0, U; = 1, and
Un+2 = pUp41 + qUp for n > 0. Compute

- 2 2 2 2
lim \ |UF+ U2+\/U4+\/ +4/U2, ;-

609. Let a > 0 be a real number, and define a sequence (zp),>1 by

n
z1 =1, Tpil =Ty + CL?’LHI’Z-_l/n (n>1).
=1

(1) Prove that lim z, = co.
n—oo

(2) Find lim —2.

n—oo Inn

610. Let a > 0 be a real number, and define a sequence (z5),>1 by 1 = 1 and

a
aE =xn+ n > 1.
n+1 n .T1+CC2++ZC”,

(1) Prove that lim z, = oco.
n—00

(2) Find lim —"

n—oo lnn

611. Let (z)n>0 C [0, 1] satisfy zg = 1 and, for a fixed real number a > 1,

1—2)?—(1—z,_ 2 _ IntZp1 n>1.
( n—1 o 9
Prove that

(0.0]

>oon =25

n=1

612. Let a1 be a positive real number, and define a sequence by a, 1 = n2 /an, for
n=1,2,.... Compute

n
. 1 1
lim — —
n—oo Inn ay
k=1
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613. Let a,b, ¢ be positive real numbers, each at most 2. Define (z,),>0 by 2o = a,
r1 =0b, x9 = ¢, and

Tn+1 = \/ﬁUn + v/ Tp-1+Tp-2, n > 2.

Prove that (xy),>0 converges, and determine its limit.

614. Let {an},ez be a two-sided sequence with ag =1, a1 =0, ag = 0, and

Ap43 = An + Gp41 + AQpy2

for every integer n. Prove that

ap G—p = Op41 A—ptl + Ap42 A—p42 + Ap43 A—p4-3-

615. Define a sequence of positive reals (an),>1 by a1 = 3 and a, = % (a%_l + 1)
for n > 1. Prove that

" n 1/2
Z ay, Z 1 / - 1 a1 +ap
—ltay ) \ = ap(l+ta) T4 Jaan

=Il

616. Let ¢ be a positive real number with ¢ # 1, and define

qn/2 _ q—n/2

_ n/2
’ HUn = ¢
72— 12

n/2.

Un = +q

(a) Prove that 2vy,11 = pivp + pp for every n > 1.

(b) Prove that 2v, 1 = pyvy — pp for every n > 2.

N
1
(¢) Find a closed form for Z

Uy, U )
:2nn+1

617. Fix positive real numbers x1, x9, and for n > 2 define a sequence by

Tn1 = YT+ YT3+ e+ Yom

Tp—MN

Find Lim

n—oo Inn

109




618. Prove that for every integer n > 4 there exist integers x1, x9, ...,y satisfying

=1

?

k=1

together with all of the following conditions:
e 1 =1,and x| < xR < 3xp_q for every 2 < k <n — 2;
e 1, 9 <xp_1<2ry_o (forn > 3);

o 1, | <y <22r,_q (forn>2).

619.

1. Does there exist a continuous and bounded function
f:[0,400) = R

such that, for every x > 0,

T e_t2
f(z) = 1—1—/ ——dt?
0 1+ f(t)?
2. Study the sequence of functions

frn:]0,400) = R

defined by

and, for every n € N and z > 0,

620. Let f:[0,1] — R be continuous, and let «, 5 be fixed real numbers. Define

xn=Zcos(%f(§>>—omﬂ, n>1.

k=0

Compute lim z,, by evaluating all cases according to the values of o and £.
n—o0
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621. Let p > 1 be an integer. Prove that

Jim (Z el G 1))

exists and lies strictly between 0 and 1.

1+u

622. Let (up) be defined by ug € (—1,1) and up41 = ® for all n € N. Let

n =4"(1 — up). Prove that (vy) has a finite limit and find it.

1
623. Let (ap) be defined by a; = 5 and

1 1
ant1 =5 +4—n+an ,on

Prove that (ap) converges and find lim ay,.
n—-+00

I
—_
no

624. Let (xy,) satisfy g = 3 and xn+1 3Tp+1 = Van + 2 for all n € N. Prove that
the sequence has a finite limit and find it.

n—1
2
625. Let (zj) be defined by z; = 1 and z,, = —anl for n > 2. Let
(-1 &
1=
Yn = Tptl — Tn, n = 1,2,3,.... Prove that the sequence (x;) has a finite limit as
n — +00.
1—+1—-4
626. Let (xy,) be defined by zg = —2 and z, 1 = % for all n € N. Let

up = (14 x%)(l +22) -+ (1+2). Prove that (uy) has a finite limit.

1
627. Let (ay) satisfy a; = 2 where for n > 1, a,41 is the unique real number
satisfying ap, = 3a,+1 — a%Jrl with 0 < ap, <1 for alln > 1.
(1) Prove that the sequence (ay) is well-defined and has a finite limit.

(2) Let (bn) be defined by by = (14 2a1) (1 + 22ag) -+ (1 + 2"ay,) for all n > 1.
Prove that (by) has a finite limit.
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ap + 2

628. Let (ay) be defined by a; =1 and a,41 =3 — for all n > 1. Prove that

2in
(ap) has a finite limit and find it.
2 + drny + 1
629. Let (xy,) be defined by 1 =1 and x,,11 = "2+—+1 for n > 1. Prove that
x5 + Ty,
() has a finite limit and find it.
2 V3
630. Let (up) be defined by u; =1 and w41 = — + —5 for n > 1. Prove that (uy)
Up U
does not have a finite limit. !
D1l 4=

for n > 2. Prove

631. Let (z5,) satisfy 1 =0, 29 = 1 and 11 = 102, + 2 +92
T Tn—1

that (z,,) has a finite limit and find it.

632. Let (zy) be defined by x1 = 1 and

™
Tptl = 3 (cos Tn +

cos2xy,  cos3Tp )
2 * 3

Prove that (x;,) has a finite limit.

P
nt (xp—1 +2) for
n

n > 2. Prove that the sequence has a finite limit as n — +oo and find it.

633. Let (z,) be a real sequence defined by x; = 3 and z,, =

634. Let (up)pen be defined by ug = u; = 1 and

1 n+1
Untl = glnot ¥ g gVin 2 n=L25

Prove that (up),en has a finite limit and find lim wy,.

1 4
635. Let (uy) satisfy uy,ug € (0,1) and w10 = SU?H—I + 5,3/un forn=1,2,....
Prove that (uy) has a finite limit and find it.

636. Let (z,) be defined by x1 = 29 = 1 and z, 2 = log3(3zy,41 4+ 75) — logo(zy, +2),
n=1,2,3,.... Prove that (z,) has a finite limit and find lim z,.
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2 2
To
637. Let a be a real number and let {z,} satisfy 1 = 1, 29 =0, 2,49 = n ntl

4
a for all n > 1. Find the largest real number a such that {z,} converges.
2 2n+1
638. Let (zy,) be defined by x; = 2 and x,,41 + 5 =3 + xp, for n > 1. Prove
n

that (z,,) has a finite limit and find it.

15
639. Let (uy) satisfy u; = 5 U2 = 2, and

n2

1
_ 2

Prove that (uy) converges and find its limit.

640. Let (z) be defined by zg,z1,29 € (0,1) and 3x,13 = x% + 1'7214-2 for n =
0,1,2,.... Prove that (z;,) has a finite limit and find it.

641. Let a,b be positive reals and let (u,) be defined by u; = a, ug = b, upt9 =
3 un+1 + 13 9/uy, for n € N*. Prove that (uy,) has a finite limit and find it.

642. Let a,b € (0,4) be real numbers and let (x;,) be defined by z¢g = a, z1 = b,

2(zp41 + zn)

T 92 =
i VIn+1 + \/xn7

Find the finite limit of (zy,), if it exists.

Vn € N.

643. Let (uy,) satisfy ug =1, u; = 3 and

2 41+ gy = up w1+ 24/ (un + 2)(un1 + 2).

Prove that (uy) has a finite limit and find it.

644. Given four positive real numbers a, b, A, B. Let (x,) be defined by x1 = a, x9 =

b,
Tpyo = A?/x?ﬁl + B\S/x?u Vn € N*,

Prove that (xy,) has a finite limit and find it.
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645. Let (xy) be defined by zq,z1,z9 € R and 3% + 4%n+2 = 5%n+3 for all n € N.
Prove that the sequence has a finite limit and find it.

646. Let (zy,) be defined by
1= 27 n — 2

n
1
Prove that (y,) defined by y,, = g — has a finite limit, and find it.
T~
=1 1

\/17%_1 + 4z, 1+ J:n_l) , Vn > 2.

647. Let (zy,) be defined by z; =1 and x,41 = 2y, + :U% for n € N*. Find

. a X T
llm _1 _|_ _2 + . e + e .
n—+o00 \ I9 T3 Tpal

648. Let (a) and (b) be two infinite sequences of positive integers. Define the sequence
(z) by

by b
In — al “.ann n>1.
by+---+bn

(a) Prove that lim z;, exists.
n—oo

(b) Find all real numbers ¢ such that there exist sequences (a) and (b) with lim xz,, =
n—oo
c.

649. Let (Ay,) be defined by

L L.
n2+12  n24922 n2 +n?’

. T 1
JL“;O”@ (Z_A”)_Z>‘

An—

Find

650. Let (ay) be defined by a; = as =1 and a,+1 = ap + % for n > 2. Prove

that (ap) converges.

1
651. Let (z,) be a sequence of real numbers with z1 € <O, 5) and 41 = 3:6,% — 2$§L
for all n > 1.
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(1) Prove that limy—yo0 xp, = 0.

(2) For n > 1, let yp, = 21 + 229 + - - - + nap. Prove that (y,) converges.

652. Let
E={feCY0,1,R): f(0)=0, f(1)=1}.

Determine

1
inf /0 |f (x) —f(x)’ dz.

fek

1
653. Let (ay) be the sequence with a1 = 5 and, for each n > 1, a,41 the unique
number in [0, 1] satisfying
ap = 3ap4+1 — a%_H.

(1) Prove that (ay) is well-defined and converges.

(2) Let by = (142ay) (1 e 22(12) -+ (142"ay) for n > 1. Prove that (by,) converges.

2
654. Let (xy,) be defined by 1 = 1 and x4 = nt +Inzy,. Find limy o0 @n.
V n

655. Let (y,) be defined by

n+1 (2 2 2"
Ynt+l = 53T I+§+"'+; :

656. Let a,b € (0,1) and let (uy) be defined by ug = a, u; = b, and uy49 =
1
gui at 3 uy. Prove that (up) converges and find its limit.

657. Let f:]0,1] — R be an integrable function such that

/Olf(a:)d:czl

1
/ 22 f(z)dx = 1.
0

and

Prove that

1
/ 12(x) dz > 6.
0
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658. Let f:]0,1] — R be an integrable function. Now set

1
i ::/ :ckf(a:)dx, k=0,1,2.
0

Prove that .
1
= / F2(x) dz > 10ug(po + 111) — p1 (8o + 1)
0

659. If f: (0,00) — R is a convex function, show that

/WUW f(2n) = f(n)
2

f(z)sin(z) de = 27 - sup
nm neN .

lim
n—oo

660. Let f:[0,1] — R be a continuous and nonconstant function. We consider the
function

g:Im(f) >R
defined by

g(y) =inf{z € [0,1] | f(x) =y},  for any y € Im(f),

where
Im(f) ={f(z) |z €0,1]}.

Prove that the function ¢ is continuous if and only if there exists a € (0,1) such that
f is strictly monotonic on the interval [0, a] and

Im(f) = f([0,a]).

661. For a nonnegative integer n and a strictly increasing sequence of real numbers
t07t17 s 7tn7

let f(t) be the corresponding real-valued function defined for ¢ > ¢y by the following
properties:

(a) f(t) is continuous for ¢ > tg, and is twice differentiable for all ¢ > ¢g other than

t17"'7tn;

(b)

()
lim f/(t)=0, 0<k<mn;
t—th
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(d) For 0 <k <n—1, we have
f"&)=k+1  whent, <t<tp,

and
")y =n+1 when ¢ > tp,.

Considering all choices of n and tg,t1,...,t, such that
tp >tp_1+1 for 1 <k <n,
what is the least possible value of T' for which

flto +T) = 2023?

662. We consider a function

f-R—>R

for which there exist a differentiable function
g:R—>R

and a sequence (ay),>1 of positive numbers, convergent to 0, such that

J(z) = lim ﬂ““”)_f(x), Vo € R.

n—o0 an

(a) Give an example of such a function f that is not differentiable at any point

z € R.

(b) Show that if f is continuous on R, then f is differentiable on R.

663. Let 0 < a < b be real numbers, and let

f,9:[a,b] = (0,00)

be continuous functions. Prove that there exists ¢ € (a,b) such that

1 1 c
(f(c) - fcbg(t)dt> (g(c)+/a f(t)dt) > 4.

664. Suppose
f:la,b] — [1,00)

is a continuous function with 0 < a < b. Then

n(b ”1/f Ydz < (n—1)(b—a)" (/f )
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665. Show that if f : [0, 1] — R is continuous and

1
/ z(1—2)%f(z)dz =0,
0

then there exists p € (0,1) such that

Show that for any e > 0, there are f, as in (a) such that f is not identically zero
and p < e.

' 666. Let (an)p>1 C (0, 00) satisfy
ap — 0 (n — 00),
and assume that there exists a constant ¢ > 0 such that
lapi1 — an| < ca? for all n > 1.

Prove that there exists d > 0, depending only on the sequence, such that

an > — for every n > 1.
n

118




